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Why 3D QCD? Planar fermions and parity anomaly

Why 3D QCD?

m High temperature limit of 4D QCD.
m Toy model for QCD
m Universality class with strongly coupled planar

systems (e.g. Hubbard model at half filling or
High T. cuprates)
U(2n) — U(n) x U(n)

m In this talk | discuss the parity anomaly, the LE
effective lagrangian and baryons in 3d QCD.
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Planar fermions:

m In 3D spin-1/2 fermions are described by
two-component (Weyl) spinors:

['free — 77; (i75x2a,u - m) ¢ . (1)
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Introduction Why 3D QCD? Planar fermions and parity anomaly

Planar fermions:

m In 3D spin-1/2 fermions are described by
two-component (Weyl) spinors:

['free — 77; (i75><2a,u - m) ¢ . (1)
m The 2 x 2 Dirac matrices are given as:

3 1

0 _ 1 o 2 2
Yoxa = 0, Yoxo = 10, Vaxo = 10

m There is no 75 in odd dimensions and the
fermion mass term is therefore real.
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Planar fermions:
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fermions transform to
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Planar fermions:

m Under the parity, P,
xr = (t,x1,x9) — o’ = (t, —x1,22), the
fermions transform to
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Introduction Why 3D QCD? Planar fermions and parity anomaly

Planar fermions:

m Under the parity, P,
xr = (t,x1,x9) — o’ = (t, —x1,22), the
fermions transform to

Y'(2) = € 00 (2).
m The mass term changes its sign:
Py Lvee Py = 0/ (") (175,50, + m) ¥'(a).

m Lagrangian is Ps-invariant, if m = 0.

4/31



Parity Anomaly:

m However the parity is broken at the quantum
level,

Ay Ap
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Parity Anomaly:

m However the parity is broken at the quantum
level,

Ay Ap

m It contains at low energy a CS term,

e’ A
Los = ——eW A,0,A,
8 |Al
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Introduction Why 3D QCD? Planar fermions and parity anomaly

Parity Anomaly in QCDs:

m Effective action is not gauge-invariant:

det (94 A) — (—1)"det (9+ A)

6/31



Introduction Why 3D QCD? Planar fermions and parity anomaly

Parity Anomaly in QCDs:

m To restore the gauge invariance one should add
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Set = W/W5(A) — S(f(A) +nm.
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Introduction Why 3D QCD? Planar fermions and parity anomaly

Parity Anomaly in QCDs:

m To restore the gauge invariance one should add
a term which cancels (—1)",

Set = W/wg(A) —> Set(A) +nm.
m For even number of flavors, one can define a
Dirac spinor, ¥ = (31, %r)?, which has a

parity-invariant Dirac mass. The effective
action is hence parity-invariant.
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Dynamical mass generation and parity Dynamical mass generation Symmetry breaking pattern Vafa

Dynamical mass generation

m For an even number (2n) of flavors

o W, b 1 0
qu_(%‘m C T e ® g )
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Dynamical mass generation and parity Dynamical mass generation Symmetry breaking pattern Vafa

Dynamical mass generation

m For an even number (2n) of flavors

— Vi o M L0
%_(wm ST TP —1)

m We have U(2) ‘chiral symmetry’, generated by
Lica, 73 70, [ 97].
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Dynamical mass generation and parity Dynamical mass generation Symmetry breaking pattern Vafa

Dynamical mass generation

m For 2n massless flavors we have U(2n) ‘chiral’
symmetry and non-anomalous P parity:

. r\‘l .
Uy(2) — Wi(2) = €” ( 10 /2()“) Uy(z).
2x2
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Symmetry breaking pattern

m QCDs is strongly coupled at low energy and
confining. (KKN)
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Dynamical mass generation and parity Dynamical mass gener. ation Symmetry breaking pattern Vafa

Symmetry breaking pattern

m QCDs is strongly coupled at low energy and
confining. (KKN)

m Schwinger-Dyson analysis shows quarks get
dynamical mass (Appelquist and Nash '90).

m The chiral symmetry is spontaneously broken
and quarks get dynamical mass:
U2n) — U(n) x U(n).

m Half of them get mass mgy, and the other half
get —mqyn-
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Vafa-Witten:

m T[he gauge-invariant regularization gives
non-positive measure:

det (10) = £+/det (i Dy) .
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Dynamical mass generation and parity Dynamical mass gener. ation Symmetry breaking pattern Vafa

Vafa-Witten:

m T[he gauge-invariant regularization gives
non-positive measure:

det (10) = £+/det (i Dy) .

m But, for Ny = 2n flavors the quark
determinant is positive (m — 0):

N f

—det {—(JD)QJr mQ} >0

2

det [(i P+im)(i D —im)]

m The vector symmetry U(n) x U(n) can not be
spontaneously broken in Py invariant 3D
theory. (Vafa-Witten '84)
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Coleman-Witten:

m Suppose the order parameter is a quark
bilinear, M; = (¢;9’), g € U(2n):

Mvw— ¢g'Mg: M — P'MP, = -I,MI, .
4
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Dynamical mass generation and parity amica ass g ati mmetry breaking pattern Vafa

Coleman-Witten:

m Suppose the order parameter is a quark
bilinear, M; = (¢;9’), g € U(2n):

Mvw— ¢g'Mg: M — P'MP, = -I,MI, .
4

m The vacuum energy in the large N, limit

V =N, Tr F(M?) = NZF

m The minimum occurs at \; = k2 and P,
invariance requires TrM = 0. The unbroken
symmetry is U(n) x U(n), if k # 0.
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Low Energy Effective Lagranglan of QCDg

m Consider composite fields for g € U(2n)

|z —y|”

¢(z) = lim P(y)(x) — gog".

y—x K
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m Consider composite fields for g € U(2n)

|z —y|”

P(y)(x) — gog".

m Ground state: (¢) = I3 = diag (1,xn, —Lnxn)
m Nambu-Goldstone bosons are described by
2

Lp = Eﬂ Tr(f?u@)Q: Tr[<a/f/_ iA/«JgT (Ot iAy) g} '

¢(x) = lim
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Low Energy Effective Lagranglan of QCDg

m Consider composite fields for g € U(2n)

|z —y|”

P(y)(x) — gog".

m Ground state: (¢) = I3 = diag (1,xn, —Lnxn)
m Nambu-Goldstone bosons are described by

¢(x) = lim

Yy—x 2y

P . -
Ly = Eﬂ Tr(3u¢>2: Tr[@u_ iAu>9' (a/ﬂL iA/f) g} :

m Redundancy of g(x) is removed by gauge sym.:
A, u' A —idu', u e SU(n); x SU(n)y x U(1)3
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Bosoniza  Effective Largangian Baryons in QCD

Effective Largangian

m The effective Lagrangian should match
Ps-anomaly. Consider two-point functions of

=ikt (i=1,---,2n):

<]7/1 (k) j¥ <—k)> — lim g, Ne N Ly

m—0 ‘ml’ [/4
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Effective Largangian

m The effective Lagrangian should match
Ps-anomaly. Consider two-point functions of

=ikt (i=1,---,2n):

(E (k) 7% (—k)) = lim 755, e g,

m—0 ‘ml] Y4

m To match the parity anomaly we need to
include CS terms such a way that preserves Py
parity (Rajeev et al '92),

N(: T Nc T
EoffzﬁB‘i_EﬁCS (Al) —Eﬁcs <A2> + -,
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Baryon as a vortex

m [he manifold of Nambu-Goldstone fields of 3d
QCD has a nontrivial topology

SU(2n)

- <SU(?”L) x SU(n) x U(1)3) =1II; (U(1)3) = 7.
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Baryon as a vortex

m [he manifold of Nambu-Goldstone fields of 3d
QCD has a nontrivial topology

SU(2n)

II =1II; (U(l)3) = 7.
’ (SU(n) x SU(n) x U(1)3) H{U()3)
m It should allow a vortex (baby Skyrmion),
1 _
Q = /d2£13 JO = g/dzf EOijal‘Agj .
m U(1)3 vorticity is the baryon number:

NP LAV
(" (k) Ji5 (k) = 2™ oy + O(K?).
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Bosoniza  Effective Largangian Baryons in QCDg

Baryon as a vortex

m The Lagrangian should have a mutual CS term
to match the discrete anomaly,

Ne o —
ﬁeﬁ' > £mCS - 2_7;6/”/ A,ual/AI%/\
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Bosoniza  Effective Largangian Baryons in QCDg

Baryon as a vortex

m The Lagrangian should have a mutual CS term
to match the discrete anomaly,

Ne o —
ﬁeﬁ' > £mCS - 2_7;6/”/ A,ual/AI%/\

m [he quark number current becomes

5Seﬁ‘(A) NC A -
lLL = — w0 = — ’UIV A o o e
W) 0A, o Doflar +
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Brane setup and geometry Baryons as mo

Brane setup and geometry

nopoles

m N, D3 branes wrapping S' and N; probe D7:

012 3 4 5 6 7 8 9
D3/o o o o0 X X X X X X
D7|o o o X o o o o o X
2 2 59
2 T 3\ 2 we) , Lodrt s
ds*=— (f(r) (d2®)” + (da) ) gy A%
4
rr (2ml)" N, s
5 Vol(s5) ¢ T

(€5 = sin* 0 df A ;)
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Brane setup and geometry Baryons as n

Brane setup and geometry

1\4(4 <l;8
LY = 4dng,N.1* SEN s ¥ Syt N .
T‘—g S ) f(r) 167,_4 MKK

L

—>

Vel i x 456,78
s

@"3

>
r

R1,2(x0,1,2)
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Brane setup and geometry

Brane setup and geometry
m D7 embedding:

9

X
D7 brane ~ 4
{ |y x45678

L x9=0

(a)
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Brane setup and geometry Baryons as monopoles

Holographic parity anomaly:

m Holographic parity anomaly:

(a) (b)

(©]
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Brane setup and geometry Baryons as monopoles

Holographic parity anomaly:

m A D7 wrapping S° and sitting at r = r,.
introduces one unit of CF® monodromy along
x3: D3 worldvolume action contains for £ units
(uv data)

2712)? k
Mgﬂ/ CERNFANF = — ANF
2' D3 T R1.2
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Brane setup and geometry Baryons as monopoles

Holographic parity anomaly:

m A D7 wrapping S° and sitting at r = r,.
introduces one unit of CF® monodromy along
x3: D3 worldvolume action contains for £ units
(uv data)

2712)? k
ugﬂ/ CERNFANF = — ANF
2' D3 T R1.2

m The upper embedding and lower embedding of
D7 brane differ by a single unit of CS term in
QCDs3: The CS coefficient is therefore
quantized.
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Brane setup and geometry Baryons as monopoles

Weak-coupling D-brane picture

m Another view of our D-brane setup:

< N <
~—Y ~——V
x3 X3
D7 Cl I
o | 0 M
@ D7
S— I e
D3 2
(a) (b)
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Brane setup and geometry Baryons as monopoles

Weak-coupling D-brane picture of parity
anomaly:

m C; — Cy is homological to a circle on (3, x9)
around D7:

/ Ffm—/ Ft =1
Ch Cy
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Brane setup and geometry Baryons as monopoles

Weak-coupling D-brane picture of parity
anomaly:

m C; — Cy is homological to a circle on (3, x9)
around D7:

/ Ffm—/ |
4 Cy

m The D3 world-volume gauge theory contains a
piece induced by background CH%

1 1
— FERAAAF:—U FlRR]/ ANF
47T D3 47T 0101‘02 RLQ
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Brane setu 1 geometry Baryons as monopoles

Baryons as D5 wrapping S°

m 5° wrapped by D5 carries [, Ff*f = N,
fundamental string charges. D7 wraps S*
inside S°. (Ny = 2n from now on.)
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Baryons as D5 wrapping S°

m D5 wrapping S° at 7. ends on D7 at two
intersecting points, as monopoles in D3/D1
(Callan+Maldacena, '97)
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(Callan+Maldacena, '97)

m D5, suspended between two sets of D7 branes
at r > r,, can be identified as carrying a
monopole charge (+1, —1) with respect to
U(n) x U(n) gauge symmetry on the D7
branes world-volume, where the charges sit in
the trace part of U(n).
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Baryons as D5 wrapping S°

m D5 wrapping S° at 7. ends on D7 at two
intersecting points, as monopoles in D3/D1
(Callan+Maldacena, '97)

m D5, suspended between two sets of D7 branes
at r > r,, can be identified as carrying a
monopole charge (+1, —1) with respect to
U(n) x U(n) gauge symmetry on the D7
branes world-volume, where the charges sit in
the trace part of U(n).

m Since S* is common, D5 is a monopole in
(r,2%12) on D7 after integrating over S* C S°.
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Baryons as D5 wrapping S°
m O(r) describe D7 emb. (dQ2=d#? + sin®d?)
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Baryons as D5 wrapping S°

m O(r) describe D7 emb. (dQ2=d#? + sin®d?)
m Induced metric on D7 is

2 <l;2
g = 22 (dz)? + (—f + L? <d9> ) dr? + L?sin® 0dS);
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Baryons as D5 wrapping S°

m O(r) describe D7 emb. (dQ2=d#? + sin®d?)
m Induced metric on D7 is

2 L? do
g = 22 (dat)* + (— + L? < > ) dr® 4 L*sin® 0dS2;

2f
m Worldvolume action on D7 is
2 l2
S = SDBI+N7(7;> /C "NFAF

1 1
CfR ~ N, [(H—g + 2)— 13111294— 3—281n49] €4
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Electric charge of Monopole

m Consider a D7, embedded in the upper
hemisphere of S® (z” > 0). (0 < ¢ < 5) with
o(r)

FAF
2

/17/ CRENFANF =
G4

1 1 1
O(r) = EGNC (g@ ~3 sin 260 + ) sin 46)
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Electric charge of Monopole

m Consider a D7, embedded in the upper
hemisphere of S® (z” > 0). (0 < ¢ < 5) with

©
[1/7/ ot nrar =20 p pp
G4 87
16 3 1 1
@(T) = ?NC (ge — Z sin 20 + @ Sln46>

m Integrating © over r, it leads to (flavor) CS
term of boundary theory:

O00) ypr = Negnp

82 s
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Brane setup and geometry Baryons as monopoles

Electric charge of Monopole

m Electric charge due to Witten effect plus
medium (Lee) effect:

pe=—V -l =-V- < +—B>
A2

28/31



ne setup and geometry Baryons as monopoles

Electric charge of Monopole

m The magnetic monopole is a dyonic object:

. (E C = 5
vV - <?>Qb55($1‘0)7 V'B:27T§5<ZI]—LU()>.

29/31



ne setup and geometry Baryons as monopoles

Electric charge of Monopole

m The magnetic monopole is a dyonic object:

- (E ; I .
V- (—2>Qb55(f %), VB =217 — ).

&

m The physical charge density of the system is

pe=—V - ﬁ:—i(ﬁ@)-é + <Qb —9(50)>5(f— 7).

472 27
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Electric charge of Monopole

m The magnetic monopole is a dyonic object:

- (E 5 o\ = 3 3% o
V- (;)Qb&ﬂ(x — %), V-B=218(& — ).
m The physical charge density of the system is
- = 1 = ~ O(7)) R,

m Electric charge deposited in medium is
o(r)

B [
o 2, Dr 9,0 () —
AQ = [/d °‘47r2] / dr' 0.0(r') = =,
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Electric charge of Monopole

m Applying to our situation of U(1) x U(1) gauge
theory of (O(r), —O(r)) angle, a monopole of
charge (41, —1) will have a total charge under
the diagonal U(1) given by, since O(r.) = 0,

Q:_Nc
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Electric charge of Monopole

m Applying to our situation of U(1) x U(1) gauge
theory of (O(r), —O(r)) angle, a monopole of
charge (41, —1) will have a total charge under
the diagonal U(1) given by, since O(r.) = 0,

(;2 — __’]\fc

m Baryons are therefore realized as dyonic
monopoles in hQCDs.
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Brane setup and geometry Baryons as monopoles

Electric charge of Monopole

m Applying to our situation of U(1) x U(1) gauge
theory of (O(r), —O(r)) angle, a monopole of
charge (41, —1) will have a total charge under
the diagonal U(1) given by, since O(r.) = 0,

Q:_Nc

m Baryons are therefore realized as dyonic
monopoles in hQCDs.

m They are equivalent to (dyonic) 't
Hooft-Polyakov monopoles in a different gauge,
where X* has a nontrival configuration.
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__Introduction Dynamical mass generation and parity Bosonizal
Conclusion

m We have constructed a holographic dual of
QCD; with D3/D7.
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__Introduction Dynamical mass generation and parity Bosonizal
Conclusion

m We have constructed a holographic dual of
QCD; with D3/D7.

m Brane realization of parity anomaly: CS level
number is the number of D7 branes.

m For even flavors quarks get dynamical mass,
breaking U(2n) to U(n) x U(n).

m Bulk D7 action gives the UV complete effective
action for QCDs.

m Baryons are (dyonic) mag. monopole with N,
electric charge by Witten effect.

m As applications, one needs 7', i, B, E/ and
study phase diagram and transport.
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