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5d gauge theory

= In general, non-renormalizable.
1

N

9y m

= However, some SUSY gauge theories have UV completion !!
= UV completion of maximally supersymmetric Yang-Mills

= S compactification of D =6 (2,0) theory [ 2 Rg ]

. . 9ym =
( Lambert, Papageorgakis, Schmidt-Sommerfeld ‘10 ), ( Douglas 10 )

u N =1 theories ( Seiberg ‘96 ), ( Intriligator, Seiberg, Morrison '97 )

 Particular gauge group and matter content give rise to smooth
metric on the Coulomb branch.

« Scale invariant theory lives at the UV fixed point !!

« Here, we focus on these 5d CFTs at the conformal fixed point.



= Backgrounds
* SU(2)gauge theories with N; < 8 fundamental flavors have non-trivial

conformal fixed points in UV.
* Global symmetry of the CFTs is enhanced to En, 1 symmetry.

« Superconformal index (SCI) of the 5d CFTs

Spectrum of BPS operators = partition function on S! x S%.

= Goal

« Compute the superconformal index using localization.

» Check the FEn, 1 global symmetry enhancement via the SCL






N =1 SUSY gauge theories in 5d

Minimum SUSY in 5dis N =1
« 8 supercharges Q= (QT)Peps

SU(2)r R-symmetry. (4=1,2: SU(2)r doublet )

Matter content : vector multiplet A,,, A, ¢ and hypermultiplets ¢, ¥ .

Classical action

1
S=— | PztrF, F* +
90

K
247T2ftrA/\F/\F+---+Shyper

go : bare coupling
K : Chern-Simons level

Real scalar ¢ parametrizes the Coulomb branch moduli.



Lagrangian on the Coulomb branch is determined by the
prepotential F(¢) ( like 4d N'=2 theories ).

1 0*F 0°F

0%, 0906 " 940404

Since the C-S coefficient K Is quantized, the prepotential F(¢)
Is at most cubic polynomial.
« The quantum correction is one-loop exact !. ( Witten '96 )

« Exact quantum prepotential is m; : hyper mass

1
F = 5 —tr¢” + trq5 +— Z R-¢|® - Z Z W - ¢+ my|?
90 Reroot 1 weW;

one-loop correction

Instantons

k 1 . :
Mass : mr ~ 72 where k = ) trF AF is U(1); instanton charge.
v



Sp(1) = SU(2) gauge theories

= SU(2) gauge group with Ny fundamental hypermultiplets.

« Coulomb branch = V.E\V of scalar in vector multiplet.

(ﬁ-%)’ pe R

 Effective coupling is

1 1
— = +166— > |p—mi| — > |6+ my ( Witten '96 )
Jerr Y90 ;
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Sp(1) gauge theories : Brane picture

» DA4-branes with 16 D8-branes in Type I ( Type IIA on §'/Z, ).
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= The theory on a D4-brane with Ny D8-branes near the
orientifold fixed point.
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Mirror images



Sp(1) = SU(2) gauge theories

= SU(2) gauge group with Ny fundamental hypermultiplets.

« Coulomb branch = V.E\V of scalar in vector multiplet.

6 0
(0 %) eem

 Effective coupling is ( Witten ‘96 )
1 1 Ny Ny
— = +160—> |p—mi| =D |¢p+m;
Jerr 9o i i

. . . 1
- In general, the effective coupling g¢2;; diverges at finite ¢ ~ —

90
. 5d theory is defined with UV cut-off 1/g;.

Non-renormalizable.

« We need new theory to describe the short distance physics.



UV fixed point

= The short distance theories for N; < 8 are known.

= Note: g.;, is always positive when Ny < 8

1 1
s—=—5+2(8—Ns)p>0, (mi =0)
Gerr Y0

« Sensible theories on the entire Coulomb branch.

= In UV (go — o), new scale invariant theory emerges ! (Seiberg '96)

 Non-trivial 5d CFT lives at the center 650 Ny
of Coulomb branch ¢ — 0. —

d
P

DO instanton

« Strongly interacting theory , Geff — 9

Non-perturbative (instanton) effects
become important



5d superconformal field theory

UV compeletion of the SU(2) gauge theory with Ny <8.

Strongly interacting N =1 SCFT preserving 8 Poincare
supercharge @ and 8 conformal supercharge S'.

Superalgebra is the superconformal F(4)

Bosonic SO(2,5) x SU(2)r and {Qh,Ss}=06"65D +265 My™ — 360 Rp”

Global symmetry ~ SO(2Ny) flavor X U(1); instanton ?

. 1
In the CFT, instantons become massless !! m; ~ —

Gery

— 0




Global symmetry enhancement

= Extra massless excitations (instantons) at the fixed point.

Ny

[/q Symmetry enhancement ?

massless instanton



Global symmetry enhancement

= Extra massless excitations (instantons) at the fixed point.

= Global symmetry SO(2Ny) x U(1); is enhanced to En, 1.
 Instanton charge provides the extra Cartan of En, 1. ( Seiberg '96)
« Massless instantons are the missing charged states.

S0(14) x U(1) C Fg SO(12) x U(1) C Fr SO(10) x U(1) C Eg
SO(8) x U(1) C SO(10) = Es SO(6) x U(1) C SU(5) = Ey Es = SU(3) x SU(2)

ot oo o o

© = U(1)s instanton charge






Superconformal index

= Spectrum of the BPS operators is exactly calculable.
Protected by supersymmetry.

= Alternatively, we count the spectrum of BPS states on R x S*

* Radial quantization ( Operator-State map )

Local operator Asymptotic state



Superconformal index

Witten index counting BPS states(operators) in the CFT

I(@,y,mi, q) = tr | (—1) = PAg2(tR)y 2T gmillims gk
A=1{Q,S}=D—2J, — 3R
D is Dilatation and Ji, J2 are Cartans of the Lorentz rotation SO(5) .
H; are generators of flavor symmetry and k is instanton number.
x, Yy, m;, q are chemical potentials for the corresponding rotations.
Only short multiplets contribute due to boson & fermion cancellation.
Independent of /3 and any continuous parameters.

St x 8% partition function with twisted boundary conditions along S* .

We evaluate it using localization technique.



Localization

Partition ftn. is independent of Q-exact deformation of action
S—S+t{Q,V} with Q*V =0

Taking t — oo limit, path integral localizes around the classical
solutions to the saddle point equation

: 2 0
{Q,V} ~ Foi F” + cos’ EI(FJ)Q + sin’ EI(F’&.J;)? oo =1
Solution : ----F~ =0 Anti-instanton
B _
Ao =a ~ S' holonomy &
=

\\\ Ft =0 Instanton

« Localizes to two fixed points of Q* ~ L, +v1(J1 + R) + 722 .
« Analogous to §* partition function.  (Pestun ‘07 ), ( Hama, Hosomichi 12 )



Localization

Integrals over the small fluctuations around the saddle points yield
the exact result.

Perturbative part (F* =0) + Instanton part (F*#0 or F~#0)
P P

Perturbative part can be computed using equivariant index theorem.

( Pestun ‘07),
Jpert exp [Z fvec + fmat( ) ( Gomis,Okuda,Pestun ‘11 )
_ z(y+1/y) - iai—ioy | —iautiog | ioi—ia; | iaitioy s 2oy | 2iy
Foee =~ oy i-a/p) !; & o e e )+;(8 +e¥M)+N|
N Ny

T

— Ty —imy 10 — 1My —10;+emy Jia";—l—ﬂ;mg
fmat (1_3731)(1_33/3,[) ;; (6 +e +e +e )




Instanton part

Point (anti-)instanton is localized at the (north)south pole.

Focus on the south pole s

Instanton contribution

« Nekrasov's instanton partition function on S x R* for Sp(IN) gauge
theory.

« We can identify our chemical potentials with Nekrasov's parameters
a=a, —le1=71+7Y, —l€2=71—"72

! T~ e

e—’Yl = 6—’7/2 —
Coulomb VEV Omega parameters ’ Y

« Gauge group on the instanton moduli space is O(k) not SO(k).
«  O(k) group consists of O(k)y = SO(k) , O(k)_ . ( Nekrasov, Shadchin ‘03)



= Contour integral formula of the instanton index
» Integral over O(k) algebra elements diag (e'72%1, e"2%2 .. .).

Ny . n . i X
/I’“ ~ f (do] [[= sin 5t 11 SIH(L%; ) \
i sinh '“iT“/? Hi\il sin % 7 sin qﬁriwzﬂ
v - sinh Y1 | | Hf\ifl sin w 2 sin P1 iqﬁszfl:?iﬂ/T
T—1 sinh 2 Zzt"m sin 2¢Iiz;1iz‘72 Hil sin Mﬁ'iwl sy sin gbfiquizml +ivo
I~
: k=2n+x (x=0or1)
k. k -
\ IY is for O(k)y , IZ is for O(k)_ sin(a + b) = sin(a + b) sin(a —y
= For O(k — 1) = ZQ / f Ny Fermion zero modes
Ni gin ™
I — _(I+ +I_ ) ) I+ ~ — v —Tia
2 Slﬂh@ sinh N

Bosonic zero modes :
R* position + internal

= Note : irrelevant poles at z;(= e'’) =0 when N > 5.

( No resolution yet.)



Superconformal index

= Full superconformal index is

[I(w,y,mi,Q) = Zg1y gt = /da 1P (2, y, o, my;) X Ifi”“(:v,y,a,mi,q)!Q]

= Index for Sp(1) gauge theory with N; fundamental flavors

I—14+ (1‘|-XSO(2Nf) +X§o<2Nf)q+X§O(sz)q1) 2+ O(z?)

adj \ /

Single (anti-)instanton states

Xz CN (™) 1 SO(@2Ny) character of R representation

SO(4) _

EX X4 eiml +6im2 _|_ e—iml _|_e—'iﬂ'L2



Superconformal index

= Full superconformal index is

[I(:v,y,mi,Q) = Zgixgt = /da 1P (3, y, a,my) X IIi”St(:v,y,oe,mi,q)lzJ

= Index for Sp(1) gauge theory with N; fundamental flavors

I—14 (1 n Xf;;(sz) n XSSO(QNf)q n XSSO(sz)q1) 22 + O(z)
A A
I [
ENerl 1
Xadj SO(2Ny) x U(1)1 C Enysn

Symmetry enhancement !!

= Global symmetry of CFT is enhanced to En; 1.

= Superconformal index has to be written by

En, 41
En,+1 characters x, 7 !l



= Example: N;=5 E¢ D SO(10) x U(1);

I = 1+ xp52% + xa( [+X73 x® + ( [1+X78]+1+X2430) !

5

6

2+ 2X786 + X650 + 2962430 + ngzs} + 2X78 + X2925 + X43758)5E

(v) ]
+(X4 y)[1+ x7 ] +x2(y) [1 + Xrs + Xag30 + X2925D
+(X5 W) [1+x78] +x3(¥) |

2]+ xa(v)|

+ (XG (y) [1 + X78 + xa(y)[2+ 4X78 + X650 + 2X2430 + 2X2925]

+xz2(y) (2 + 4X7s + Xeso + 2Xa430 + Xagas + Xasrss + X185600])x7

+(xr (W) [1 + xF8] + x5 () [4 + 5xF8 + 2xG%0 + 3X 520 + 2X552s]

+x3(v)[3 + 8x7s + Xeso + 3X2530 + 3X2825 + Xsgras + 2Xs8758 + 2X 165600
+3 + 2X78 + X650 + 3362430 + XJZESZE; + ngom + ngseoo + X§§7966) z° + O(a°)

c 78 = 19+ 167 +16_1 + 45,
| | ~
BranChlng rU|eS 2430 = 19+167 +16_1 + 450+ 126_5 + 1265 + 210y + 560; + 560_1 + 770y
43758 = 19+ 167 +16_1 + 450+ 126_5 + 1263 + 210y + 560, + 560_; + 770,

+672_3 + 6723 + 1440, + 1440_, + 3696’ , + 3696/2 + 5940, + 7644,
48064, + 8064_;

= We computed the index for Ny =1,2,3,4,5 cases up to 4 instanton

contributions. All show Ey, 1 symmetry enhancement !

= Superconformal index provides strong evidence of the global
symmetry enhancement of 5d CFT at the UV fixed point.



Sp(N) Generalization

= N D4-branes near the orientifold point.
(,?51; — 0 Nf

e

L~

= Sp(N) gauge theory with N fundamental hypermultiplets.
« An additional hypermultiplet in anti-symmetric representation.
» When Ny < 8, CFT arises at the UV fixed point.

* ENf—H g|0ba| Symmetry enhancement. ( Seiberg ‘96 ) ( Intriligator,Seiberg,Morrison 97 )

= For N;=35,

, , _ Xn(e™) : SU(2) character
I = 1+xE@™) o+ (e@xa(e™) + 2xE™) + x5’

+ (xs()x2(e™) + X2 (W2 + 2x3(e™) + XFE] + 2xa(e™) + x2(e™) + 2xa (™ )xF§ )7 + O(a?)



Conclusions

= 5d gauge theories flowing to non-trivial CFT in UV have been studied.
« Sp(N) gauge theories with Ny < 8 fundamentals.
« Massless instantons appear and ENf+1 symmetry enhancement occurs.

= We have computed the superconformal index and checked that it is
written in terms of Eyn, 1 characters.

= Future directions
= Resolution for 2 or more instantons when £7,Es cases or Sp(IN > 1) .

= Generalization to other gauge theories : SU(N), SO(N), quivers, ....
( Intriligator, Seiberg, Morrison ‘97 ), ( Aharony, Hanany ‘97 )

= AdS6/CFTS : Gravity dual is warped AdSes x S*.

( Ferrara, Kehagias, Partouche, Zaffaroni ‘98 ), ( Bergman, Rodriguez-Gomez ‘12)

= Ly Instanton moduli space.



