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Periodic Hamiltonian orbits by variational methods

Alberto Abbondandolo ∗

Notes taken by Jungsoo Kang†

Introduction

The aim of these notes is to discuss the question of the existence of periodic orbits of prescribed
energy for classical Hamiltonian systems on compact configuration spaces. More precisely,
we consider a closed manifold M and a smooth Lagrangian L on the tangent bundle TM
of M , which is assumed to be fiberwise strictly convex and superlinear. Such a Lagrangian
induces a flow on TM which preserves the energy function E : TM → R. Given a number
κ ∈ [minE,+∞), the problem is to prove the existence of a periodic orbit on E−1(κ).

Such periodic orbits can be found as critical points of the free period action functional

Aκ(γ) =

∫ T

0

(
L
(
γ(t), γ′(t)

)
+ κ
)
dt,

on a suitable space of closed curves γ in M of arbitrary period T . The geometric and the
compactness properties of this functional depend on the value of the energy κ and change
drastically when κ crosses some special values, which are known as the Mañé critical values
of L. Our knowledge about the existence of periodic orbits on E−1(κ) varies accordingly.

Most of the results of these notes are due to Contreras and are contained in the long paper
[Con06], along with many other results. These notes are meant to be a gentle introduction
to the part of [Con06] which concerns periodic orbits.

1 The minimax principle

The mountain pass theorem Let H be a real Hilbert space and let f be a continuously
differentiable real function on H. We assume that a certain sublevel {f < a} is not connected,
say {f < a} = A ∪ B, with A and B disjoint non-empty open sets. We may think of A and
B as two valleys, and consider the set of paths going from one valley to the other one, that is

Γ := {curves in H with one end in A and the other in B}.

We can define the minimax value of f in Γ as

c := inf
γ∈Γ

max
x∈γ

f(x),
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and we notice that a ≤ c < +∞, because Γ is non empty and each of its elements intersects
the set H \ (A ∪B) = {f ≥ a}. One would expect this mountain pass level c to be a critical
value of f . The next simple example shows that this is not always the case.

Example 1.1. Consider the smooth function f on R2 defined by

f(x, y) = ex − y2.

Then {f < 0} has two connected components, c = 0, but f has no critical points. The
problem here is that the critical point is pushed to infinity: indeed, f(−n, 0) = e−n converges
to the mountain pass level c = 0 and df(−n, 0) = e−ndx tends to zero.

This example suggests the following definition.

Definition 1.2. A sequence (xn)n∈N ⊂ H is called a Palais-Smale sequence at level c ((PS)c
for short) if

lim
n→∞

f(xn) = c and lim
n→∞

df(xn) = 0.

The function f is said to satisfy (PS)c if all (PS)c sequences are compact. It is said to satisfy
(PS) if it satisfies (PS)c for every c ∈ R.

Notice that limiting points of (PS)c sequences are critical points at level c. We can now
state the celebrated mountain pass theorem of Ambrosetti and Rabinowitz.

Theorem 1.3 (Mountain Pass Theorem). Let f ∈ C1,1(H) be such that {f < a} is not
connected and let c be defined as above. Then f admits a (PS)c sequence. In particular, if f
satisfies (PS)c, then c is a critical value.

Here C1,1 denotes the set of functions whose differential is locally Lipschitz.

Proof. By contradiction, suppose that there exists ε > 0 such that ||df || ≥ ε on the set
{|f − c| ≤ ε}. We denote by ∇f the gradient of f and we assume for sake of simplicity that
the locally Lipschitz vector field −∇f is positively complete, meaning that its flow φ, that is
the solution of 




∂

∂t
φt(u) = −∇f

(
φt(u)

)
,

φ0(u) = u,

is defined for every t ≥ 0 and every u ∈ H. This holds, for instance, if ∇f is globally Lipschitz
(in this case the flow of −∇f is defined on the whole R × H). See Remark 1.4 below for a
hint on how to remove this extra assumption. Notice that

d

dt
f
(
φt(u)

)
= df

(
φt(u)

)[
−∇f

(
φt(u)

)]
= −

∥∥df
(
φt(u)

)∥∥2
, (1.1)

so the function t 7→ f(φt(u)) is decreasing. If |f(φt(u))− c| ≤ ε for all t ∈ [0, T ], we have

2ε ≥ f(u)− f(φT (u)) = −
∫ T

0

d

dt
f(φt(u))dt =

∫ T

0

∥∥df
(
φt(u)

)∥∥2
dt ≥ ε2T,

from which we conclude that T ≤ 2/ε. Choose γ ∈ Γ such that maxγ f ≤ c+ ε and set

γ̃ = φT (γ), for some T >
2

ε
.
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The fact that f decreases along the orbits of φ implies that γ̃ belongs to Γ. Since we have
chosen f ≤ c + ε on γ, any x ∈ γ satisfies either (i) |f(x) − c| ≤ ε or (ii) f(x) < c − ε. Let
x ∈ γ. If (i) holds, then f(φT (x)) < c−ε because T > 2/ε. If (ii) holds, then f(φT (x)) < c−ε
because f decreases along the orbits of φ. Therefore we conclude that γ̃ ⊂ {f < c− ε}, which
contradicts the definition of c.

Remark 1.4. If the vector field −∇f is not positively complete, we can replace it by the
complete one −∇f/

√
||∇f ||2 + 1. The above proof goes through with minor adjustments.

Remark 1.5. The mountain pass theorem holds also for f ∈ C1,1(M) where (M, g) is a
Hilbert manifold equipped with a complete Riemannian metric g. In this case, (xn)n∈N ⊂M
is a (PS)c sequence if limn→∞ f(xn) = c and limn→∞ ||df(xn)|| = 0, where ‖ · ‖ denotes
the dual norm induced by g. Notice that the (PS) condition and the completeness of g are
somehow antagonist requirements: One may always achieve the completeness of an arbitrary
Riemannian metric g by multiplying it by a positive function which diverges at infinity (such
an operation reduces the set of the Cauchy sequences), while the (PS) condition could be
achieved by multiplying g by a positive function which is infinitesimal at infinity (since the
dual norm is multiplied by the inverse of this function, this operation reduces the set of the
(PS) sequences).

Remark 1.6. The mountain pass theorem holds also if f is just continuously differentiable. In
this case, its negative gradient vector field is just continuous and may not induce a continuous
flow. In order to prove the above theorem, one needs to construct a locally Lipschitz pseudo-
gradient vector field for f , see for instance [Str00, Lemma 3.2]. The same construction
allows to prove the mountain pass theorem for continuously differentiable functions on Banach
manifolds.

Remark 1.7. When dealing with functions on manifolds, it is sometimes useful to have a
formulation of the mountain pass theorem which does not involve the choice of a metric.
Here is such a formulation. Assume that f is a continuously differentiable function on a
Hilbert manifold M and that V is a positively complete locally Lipschitz vector field such
that df [V ] < 0 onM\Critf . Then the mountain pass theorem holds, provided that we define
(xn)n∈N ⊂ M to be a (PS)c sequence if f(xn) tends to c and df(xn)[V (xn)] is infinitesimal.
Now the antagonism is between this form of the (PS) condition and the positive completeness
of V .

The general minimax principle In the proof of Theorem 1.3 we have not used the fact
that Γ is a set of curves, but rather that Γ is positively invariant with respect to the negative
gradient flow φ of f , meaning that φt(γ) ∈ Γ for all γ ∈ Γ and t ≥ 0. Here φ is either the
flow of −∇f , when this vector field is positively complete, or the flow of some conformally
equivalent positively complete vector field, such as −∇f/

√
‖∇f‖2 + 1, in the general case.

This simple observation leads to the following powerful generalization of the mountain pass
theorem.

Theorem 1.8 (General Minimax Principle). Let f be a C1,1 function on the complete
Riemannian Hilbert manifold (M, g) and let Γ be a set of subsets of M which is positively
invariant with respect to the negative gradient flow of f . If the number

c = inf
γ∈Γ

sup
γ
f
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is finite, then f admits a (PS)c sequence. In particular, if f satisfies (PS)c, then c is a critical
value.

The proof is a straightforward modification of the proof of Theorem 1.3.

Exercise 1.9. Let f ∈ C1,1(H), where H is a Hilbert space. If πk({f < a}) 6= 0 for some
k ≥ 0 and f satisfies (PS), then f has a critical point.

Remark 1.10. If Γ is the class of all one-point sets in M, then c is the infimum of f .
Therefore, the general minimax principle has as a particular case the following existing result
for minimizers. Assume that f ∈ C1,1(M) is bounded from below, has complete sublevels
and satisfies (PS)c at the level c = inf f . Then f admits minimizers.

Remark 1.11. It is sometimes useful to replace the negative gradient flow by a flow which
fixes a certain sublevel of f . Let ρ : R −→ R+ be a smooth bounded function such that ρ = 0
on (−∞, b] and ρ > 0 on (b,+∞). Then we consider the vector field V = −ρ(f) · ∇f (or
V = −ρ(f)∇f/

√
‖∇f‖2 + 1 in the non-positively complete case) and denote its flow by φ.

It is a negative gradient flow truncated below level b: The function t 7→ f(φt(u)) is constant
if u ∈ Critf ∪ {f ≤ b} and it is strictly decreasing otherwise. If Γ is positively invariant
with respect to this negative gradient flow truncated below level b and the minimax value c
is strictly larger than b, then f has a (PS)c sequence.

2 A Hilbert manifold of loops

Let (M, g) be a closed Riemannian manifold of dimension n and consider the Sobolev space
of loops

W 1,2(T,M) :=
{
x : T −→M

∣∣∣x is absolutely continuous and

∫

T
|x′(s)|2x(s)ds <∞

}
,

where T = R/Z and |·|· denotes the norm induced by g. This set of loops is clearly independent
from the choice of the Riemannian metric g.

The smooth structure of W1,2(T,M) Let us recall the construction of the smooth
Hilbert manifold structure on W 1,2(T,M). Fix x0 ∈ C∞(T,M). Assume for simplicity
that x0 preserves the orientation, so that x∗0(TM) has a trivialization

Φ : T× Rn −→ x∗0(TM).

Let Br be the open ball of radius r about 0 in Rn. Consider a smooth map

ϕ : T×Br −→M,

such that ϕ(t, 0) = x0(t) and ϕ(t, ·) is a diffeomorphism onto an open subset in M , for every
t ∈ T. For instance, the map

ϕ(t, ξ) = expx0(t)

(
Φ(t, ξ)

)
,

satisfies the above requirements if r is small enough.
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The map ϕ induces the following parameterization:

ϕ∗ : W 1,2(T, Br) −→W 1,2(T,M), ζ 7→ ϕ
(
·, ζ(·)

)
, (2.1)

where W 1,2(T, Br) denotes the open subset of the Hilbert space W 1,2(T,Rn) which consists
of loops taking values into Br. The collection of all these parameterizations, for every x0 ∈
C∞(T,M) and every ϕ as above, defines a smooth atlas for W 1,2(T,M), which is then a
smooth manifold modeled on the Hilbert space W 1,2(T,Rn). Indeed, the smoothness of the
transition maps is an immediate consequence of the chain rule. It is worth noticing that the
image of the parameterization ϕ∗ is C0-open.

Remark 2.1. If x0 is not orientation preserving, the natural model for the connected com-
ponent of W 1,2(T,M) which contains x0 is the space of W 1,2 sections of the vector bundle
x∗0(TM).

The tangent space ofW 1,2(T,M) at x is naturally identified with the space ofW 1,2 sections
of x∗(TM). Therefore, we can define a Riemannian metric on W 1,2(T,M) by setting

〈ξ, η〉x :=

∫

T

(
g(ξ, η) + g(∇tξ,∇tη)

)
dt, ∀ξ, η ∈ TxW 1,2(T,M), (2.2)

where ∇t denotes the Levi-Civita covariant derivative along x. The distance induced by this
Riemannian metric is compatible with the topology of W 1,2(T,M).

The fact that M is compact implies that this metric on W 1,2(T,M) is complete (more
generally, this metric is complete whenever g is complete).

Remark 2.2. If ϕ is the restriction of a smooth map Br′×T→M with the same properties,
for some r′ > r, then the parameterization ϕ∗ is bi-Lipschitz.

The homotopy type of W1,2(T,M) The inclusions

C∞(T,M) ↪→W 1,2(T,M) ↪→ C(T,M)

are dense homotopy equivalences. These facts can be proved by embeddingM into a Euclidean
space RN , by regularizing the loops x : T→ M ⊂ RN by convolution, and by projecting the
regularized loop back to M using the tubular neighborhood theorem. In particular, the
connected components of W 1,2(T,M) are in one-to-one correspondence with the conjugacy
classes of π1(M).

3 The free period action functional

The setting Let M be a closed manifold. A function L ∈ C∞(TM) is called a Tonelli
Lagrangian if:

(i) L is fiberwise C2-strictly convex, i.e. dvvL(x, v) > 0 for every (x, v) ∈ TM , where dvvL
denotes the fiberwise second differential of L;

(ii) L has superlinear growth on each fiber, i.e.

lim
|v|→+∞

L(x, v)

|v|x
= +∞.
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The main example of Tonelli Lagrangians are the electromagnetic Lagrangians, that is func-
tions of the form

L(x, v) =
1

2
|v|2x + θ(x)[v]− V (x), (3.1)

where |·|x denotes the norm associated to a Riemannian metric (the kinetic energy) on M , θ is
a smooth one-form (the magnetic potential) and V is a smooth function (the scalar potential)
on M . We shall omit the subscript x in | · |x when the point x is clear from the context. The
Tonelli assumptions imply that the Euler-Lagrange equation, which in local coordinates can
be written as

d

dt

(
∂vL(γ(t), γ′(t))

)
= ∂xL(γ(t), γ′(t)), (3.2)

is well-posed and defines a smooth flow on TM . This flow preserves the energy

E : TM → R, E(x, v) = dvL(x, v)[v]− L(x, v),

where dv denotes the fiberwise differential. When L has the form (3.1), then

E(x, v) =
1

2
|v|2x + V (x). (3.3)

Exercise 3.1. More generally, the energy function of a Tonelli Lagrangian satisfies the fol-
lowing properties:

(i) E is fiberwise C2-strictly convex and superlinear.

(ii) For any x ∈M , the restriction of E to TxM achieves its minimum at v = 0.

(iii) The point (x̄, 0) is singular for the Euler-Lagrange flow if and only if (x̄, 0) is a critical
point of E.

We are interested in proving the existence of periodic orbits on a given energy level E−1(κ).
Since such an energy level is compact, up to the modification of L outside it, we may assume
that the Tonelli Lagrangian L(x, v) is electromagnetic for |v| large enough. In particular, we
have the inequalities

L(x, v) ≥ L0|v|2 − L1, ∀(x, v) ∈ TM, (3.4)

d2
vvL(x, v)[u, u] ≥ 2L0|u|2, ∀(x, v) ∈ TM, u ∈ TxM, (3.5)

for some numbers L0 > 0 and L1 ∈ R. Moreover, E has the form (3.3) for |v| large.

The free period action functional Let γ : R/TZ −→ M be an absolutely continuous
T -periodic curve and define x : T → M as x(s) = γ(sT ). Then the action of γ on the time
interval [0, T ] is the number

∫ T

0
L
(
γ(t), γ′(t)

)
dt = T

∫ 1

0
L
(
x(s), x′(s)/T

)
ds.

Fix a real number κ, the value of the energy for which we would like to find periodic solutions.
Consider the free period action functional corresponding to the energy κ

Aκ(γ) = Aκ(x, T ) := T

∫ 1

0

(
L
(
x(s), x′(s)/T

)
+ κ
)
ds =

∫ T

0

(
L
(
γ(t), γ′(t)

)
+ κ
)
dt.
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The fact that L is electromagnetic outside a compact subset of TM implies that Aκ(x, T ) is
well-defined when x ∈W 1,2(T,M). Hence, we get a functional

Aκ : W 1,2(T,M)× (0,+∞)→ R.

The Hilbert manifold W 1,2(T,M)× (0,+∞) is denoted by M.

Exercise 3.2. (Regularity properties of Aκ, see e.g. [AS09])

(i) Aκ ∈ C1,1(M) and it has second Gateaux differential at every point.

(ii) Aκ is twice Fréchét differentiable at every point if and only if L is electromagnetic on
the whole TM . In this case, Aκ is actually smooth on M.

If dx denotes the horizontal differential with respect to the some horizontal-vertical split-
ting of TTM , the differential of Aκ with respect to the first variable at some (x, T ) ∈M has
the form

dAκ(x, T )
[
(ξ, 0)

]
= T

∫ 1

0

(
dxL

(
x, x′/T

)
[ξ] + dvL

(
x, x′/T

)[
ξ′/T

])
ds

=

∫ T

0

(
dxL

(
γ, γ′

)
[ζ] + dvL

(
γ, γ′

)
[ζ ′]
)
dt,

(3.6)

where ξ ∈ TxW 1,2(T,M), γ(t) = x(t/T ) and ζ(t) := ξ(t/T ). Let (x, T ) be a critical point of
Aκ. The above formula and an integration by parts imply that γ is a T -periodic solution of
(3.2). Moreover

∂Aκ
∂T

(x, T ) =

∫ 1

0

(
L
(
x(s), x′(s)/T

)
+ κ+ T dvL

(
x(s), x′(s)/T

)[
−x′(s)/T 2

])
ds

=

∫ 1

0

(
κ− E

(
x(s), x′(s)/T

))
ds =

1

T

∫ T

0

(
κ− E

(
γ(t), γ′(t)

))
dt.

(3.7)

Together with the fact that E is constant along the orbits of the Euler-Lagrange flow, the
above identity shows that the T -periodic orbit γ belongs to the energy levek E−1(κ). We
conclude that (x, T ) is a critical point of Aκ onM if and only if γ(t) := x(t/T ) is a T -periodic
orbit of energy κ (T is not necessarily the minimal period).

The gradient vector field It is useful to reduce the set of the (PS) sequences (xh, Th) for
which Th → 0, so that only the ones with a well understood limiting behavior remain (see
Lemma 4.1 below). For this reason, we choose a smooth function ρ : (0,+∞) −→ R such that

ρ(T ) = T 2 ∀T ≤ 1/2, ρ(T ) = 1 ∀T ≥ 1,

and we consider the following metric on M = W 1,2(T,M)× (0,+∞):
〈
(ξ1, τ1), (ξ2, τ2)

〉
(x,T )

:= τ1τ2+ρ(T )〈ξ1, ξ2〉x, ∀ ξ1, ξ2 ∈ TxW 1,2(T,M), τ1, τ2 ∈ R, (3.8)

where 〈·, ·〉x is the W 1,2 Hilbert product defined in (2.2). Since ρ(T ) is infinitesimal for T → 0,
this metric has more non-converging Cauchy sequences than the product one and is a fortiori
not complete.

The gradient vector field of Aκ with respect to the above metric has the form

∇Aκ(x, T ) =
∂Aκ
∂T

(x, T )
∂

∂T
+

1

ρ(T )
∇xAk(x, T ),

where ∇x denotes the gradient with respect to the W 1,2 metric (2.2).
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Behavior of Aκ for T→ 0 We decompose M = W 1,2(T,M) × R+ into the contractible
component Mcontr and the non-contractible component Mnoncontr, the latter being empty if
and only if M is simply connected.

Lemma 3.3. (i) On Mnoncontr the sublevels {Aκ ≤ c} are complete.

(ii) If (xh, Th) ∈Mcontr and Th → 0, then lim infhAκ(xh, Th) ≥ 0.

Proof. By (3.4), we have the chain of inequalities

Aκ(x, T ) = T

∫ 1

0

(
L
(
x, x′/T

)
+ κ
)
ds ≥ T

∫ 1

0

(
L0
|x′|2
T 2
− L1 + κ

)
ds

=
L0

T

∫ 1

0
|x′|2 ds− (L1 − κ)T ≥ L0

T
`(x)2 − (L1 − κ)T,

(3.9)

where `(x) denotes the length of the loop x. The length of the non-contractible loops in M
is bounded away from zero. Therefore, the estimate (3.9) implies that for every c ∈ R the
number T is bounded away from zero on

{
(x, T ) ∈Mnoncontr |Ak(x, T ) ≤ c

}
,

proving (i). Statement (ii) is also an immediate consequence of (3.9).

Lemma 3.4. Let (x, T ) : [0, σ∗) −→Mcontr, 0 < σ∗ <∞, be a flow line of −∇Aκ such that

lim inf
σ→σ∗

T (σ) = 0.

Then
lim
σ→σ∗

Aκ
(
x(σ), T (σ)

)
= 0.

Proof. Since both E and L are quadratic in v for |v| large, we have the estimate

E(x, v) ≥ L2 L(x, v)− L3,

for some L2 > 0 and L3 ∈ R. From (3.7) we obtain the inequality

∂Aκ
∂T

(x, T ) =
1

T

∫ T

0

(
κ− E(γ, γ′)

)
dt ≤ 1

T

∫ T

0

(
κ− L2 L(γ, γ′) + L3

)
dt

= κ+ L3 −
L2

T

∫ T

0

(
L(γ, γ′) + κ

)
dt+ L2κ = (L2 + 1)κ+ L3 −

L2

T
Aκ(x, T ),

which can be rewritten as

Aκ(x, T ) ≤ T

L2

(
C − ∂Aκ

∂T
(x, T )

)
, (3.10)

for a suitable constant C. By the assumption, there exists an increasing sequence (σh) which
converges to σ∗ and satisfies T ′(σh) ≤ 0 and T (σh)→ 0. Since σ 7→ (x(σ), T (σ)) is a flow line
of −∇Aκ,

0 ≥ T ′(σh) = −∂Aκ
∂T

(
x(σh), T (σh)

)
,
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and by (3.10) we have

Aκ
(
x(σh), T (σh)

)
≤ T (σh)

L2

(
C − ∂Aκ

∂T

(
x(σh), T (σh)

))
≤ C

L2
T (σh).

Since T (σh) is infinitesimal, we obtain

lim sup
h→∞

Ak
(
x(σh), T (σh)

)
≤ 0.

Together with statement (ii) of Lemma 3.3 and the monotonicity of the function σ 7−→
Aκ(x(σ), T (σ)), this concludes the proof.

4 Palais-Smale sequences

(PS) sequences with (Th) infinitesimal In the following lemmas, (PS) sequences are
meant with respect to the metric on M defined in (3.8). The following lemma justifies the
choice of this metric.

Lemma 4.1. Let (xh, Th) be a (PS)c sequence for Aκ with Th → 0. Then a subsequence of
(xh) converges in W 1,2(T,M) to a constant loop x̄, where (x̄, 0) ∈ TM is a singular point of
the Euler-Lagrange flow with energy E(x̄, 0) = κ.

Proof. We may assume that Th ≤ 1/2 and Aκ(xh, Th) ≤ c + 1. Since M is compact, up to
a subsequence we may assume that xh(0)→ x̄ for some x̄ ∈M . Due to (3.9), we have

∫ 1

0

∣∣x′h(s)
∣∣2 ds ≤ Th

L0

(
Aκ(xh, Th) + (L1 − κ)Th

)
≤ Th
L0

(
c+ 1 + (L1 − κ)Th

)
,

so the L2-norm of (x′h) is infinitesimal. Therefore, (xh) converges in W 1,2(T,M) to the
constant loop x̄. It remains to show that (x̄, 0) ∈ TM is a singular point of the Euler-
Lagrange flow with energy E(x̄, 0) = κ.

If we set, as usual, γh(t) := xh(t/Th), the above inequality implies that

∫ Th

0

∣∣γ′h(t)
∣∣2 dt =

1

Th

∫ 1

0

∣∣x′h(s)
∣∣2 ds = O(1) for h→∞. (4.1)

Actually, more is true: ∫ Th

0

∣∣γ′h(t)
∣∣2 dt = O

(
T 2
h

)
for h→∞. (4.2)

Let us prove this fact. Since (xh, Th) is a (PS) sequence for Aκ, we have

εh :=
∥∥dAκ(xh, Th)

∥∥∗
(xh,Th)

= o(1) for h→∞, (4.3)

where ‖ · ‖∗(x,T ) is dual to the norm ‖ · ‖(x,T ) defined in (3.8). Since (xh) converges uniformly

to the constant loop x̄, we may assume that all the curves γh(T) lie in a ball Br of Rn. Since
L(x, v) is electromagnetic for |v| large, we have the following bounds:

∣∣dxL(x, v)
∣∣ ≤ C0(1 + |v|2),

∣∣dxxL(x, v)
∣∣ ≤ C1(1 + |v|2),∣∣dxvL(x, v)

∣∣ ≤ C2(1 + |v|),
∣∣dvvL(x, v)

∣∣ ≤ C3,
(4.4)
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for every (x, v) ∈ Br × Rn. We define

ξh(s) := xh(s)− xh(0), ζh(t) := γh(t)− γh(0) = ξh
(
t/Th

)
,

so that
ξh(0) = ξh(1) = 0 = ζh(0) = ζh(Th), ζ ′h(t) = γ′h(t).

By (4.3) and by the definition (3.8) of the norm ‖ · ‖(x,t), we have

∣∣dAκ(xh, Th)[ξh, 0]
∣∣ ≤ εh‖(ξh, 0)‖(xh,Th) = εh

(
T 2
h

∫

T
|ξ′h(s)|2 ds

)1/2

= εhT
3/2
h

(∫ Th

0

∣∣γ′h(t)
∣∣2 dt

)1/2

.

(4.5)

For every curve γ : [0, T ] → Br, the Taylor formula with Lagrange remainder produces the
estimate

dvL
(
γ(t), γ′(t)

)[
γ′(t)

]
− dvL

(
γ(0), 0

)[
γ′(t)

]

= dvvL
(
γ(0) + λ(γ(t)− γ(0)), λγ′(t)

)[
γ′(t), γ′(t)

]

+ dxvL
(
γ(0) + λ(γ(t)− γ(0)), λγ′(t)

)[
γ(t)− γ(0), γ′(t)

]

≥ 2L0|γ′(t)|2 − C2

(
1 + |γ′(t)|

)∣∣γ(t)− γ(0)
∣∣ ∣∣γ′(t)

∣∣,

where we have used (3.5) and the third bound in (4.4). By this inequality and by the first
bound in (4.4), formula (3.6) yields

dAκ(xh, Th)
[
(ξh, 0)

]
=

∫ Th

0

(
dvL(γh, γ

′
h)[γ′h] + dxL(γh, γ

′
h)[ζh]

)
dt

≥
∫ Th

0
dvL

(
γh(0), 0

)[
γ′h(t)

]
dt+ 2L0

∫ Th

0

∣∣γ′h(t)
∣∣2 dt

− C2

∫ Th

0

(
1 + |γ′h(t)|

)∣∣γh(t)− γh(0)
∣∣ ∣∣γ′h(t)

∣∣ dt− C0

∫ Th

0

(
1 + |γ′h|2

)
|γh(t)− γh(0)| dt.

Since γh is a closed curve, the first integral in the last expression vanishes. By combining the
above estimate with the elementary inequalities

∫ T

0

∣∣γ(t)− γ(0)
∣∣ dt ≤ T`(γ),

∫ T

0

∣∣γ′(t)
∣∣ ∣∣γ(t)− γ(0)

∣∣ dt ≤ `(γ)2,

∫ T

0

∣∣γ′(t)
∣∣2∣∣γ(t)− γ(0)

∣∣ dt ≤ `(γ)

∫ T

0

∣∣γ′(t)
∣∣2 dt,

where `(γ) denotes the length of the curve γ, we obtain

dAκ(xh, Th)
[
(ξh, 0)

]
≥ 2L0

∫ Th

0

∣∣γ′h(t)
∣∣2 dt− C2`

(
γh
)2 − (C0 + C2)`

(
γh
) ∫ Th

0

∣∣γ′h(t)
∣∣2 dt

− C0Th`
(
γh
)
.
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Together with (4.5), this yields

(
2L0−(C0+C2)`

(
γh
)) ∫ Th

0

∣∣γ′h(t)
∣∣2 dt ≤ C2`

(
γh
)2

+C0Th`
(
γh
)
+εhT

3/2
h

(∫ Th

0

∣∣γ′h(t)
∣∣2 dt

)1/2

.

By (4.1), we have

`
(
γh
)
≤ T 1/2

h

(∫ Th

0

∣∣γ′h(t)
∣∣2 dt

)1/2

= O
(
T

1/2
h

)
for h→∞,

hence the previous estimate implies

(
2L0 + o(1)

) ∫ Th

0

∣∣γ′h(t)
∣∣2 dt ≤

(
C2`
(
γh
)
T

1/2
h + C0T

3/2
h + εhT

3/2
h

)(∫ Th

0

∣∣γ′h(t)
∣∣2 dt

)1/2

= O(Th)

(∫ Th

0

∣∣γ′h(t)
∣∣2 dt

)1/2

,

and dividing by the L2 norm of γ′h we obtain (4.2).

Let us show that (x̄, 0) is a singular point for the Euler-Lagrange flow, that is that the
vector η := ∂xL(x̄, 0) is zero. By Taylors formula and by (4.4), for every curve γ : [0, T ]→ Br
we have
∣∣dxL

(
γ(t), γ′(t)

)
[η]− dxL(x̄, 0)[η]

∣∣
=
∣∣dxxL

(
x̄+ λ(γ(t)− x̄), λγ′(t)

)[
γ(t)− x̄, η

]
+ dvxL

(
x̄+ λ(γ(t)− x̄), λγ′(t)

)[
γ′(t), η

]∣∣
≤ C1

(
1 + |γ′(t)|2

)
|γ(t)− x̄| |η|+ C2

(
1 + |γ′(t)|

)
|γ′(t)| |η|.

If we apply the above inequality to γh and we integrate it over [0, Th], by (4.2) we obtain

∫ Th

0

∣∣dxL
(
γh(t), γ′h(t)

)
[η]− dxL(x̄, 0)[η]

∣∣ dt

≤
∫ Th

0

(
C1

(
1 + |γ′h(t)|2

)
|γh(t)− x̄| |η|+ C2

(
1 + |γ′h(t)|

)
|γ′h(t)| |η|

)
dt

≤ C1

(
Th +O(T 2

h )
)
‖γh − x̄‖∞|η|+ C2`(γh)|η|+O(T 2

h )|η|.

Since `(γh) = O(T
3/2
h ), by (4.2), the above estimate implies that

∫ Th

0

∣∣dxL
(
γh(t), γ′h(t)

)
[η]− dxL(x̄, 0)[η]

∣∣ dt = |η|o(Th). (4.6)

By (3.6) and (4.3),

∣∣∣∣
∫ Th

0
dxL

(
γh(t), γ′h(t)

)
[η] dt

∣∣∣∣ =
∣∣∣dAκ(xh, Th)

[
(η, 0)

]∣∣∣ ≤ εh‖η‖(xh,Th)

= εh

(
T 2
h

∫ 1

0
|η|2 ds

)1/2

= εhTh|η|.
(4.7)
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By (4.6) and (4.7),

Th|η|2 =

∫ Th

0
dxL(x̄, 0)[η] dt ≤

∫ Th

0
dxL

(
γh(t), γ′h(t)

)
[η] dt+ |η|o(Th)

≤ εhTh|η|+ |η|o(Th),

and dividing by Th we deduce that η is the zero vector, as claimed.
It remains to show that E(x̄, 0) = κ. Since for every x ∈ Br the smooth function v 7→

E(x, v) achieves its minimum at v = 0, the last bound in (4.4) and Taylor’s formula imply

0 ≤ E(x, v)− E(x, 0) ≤ 1

2
C3|v|2, ∀(x, v) ∈ Br × Rn.

Therefore,
∣∣E(γh(t), γ′h(t))− E(x̄, 0)

∣∣ ≤
∣∣E(γh(t), γ′h(t))− E(γh(t), 0)

∣∣+
∣∣E(γh(t), 0)− E(x̄, 0)

∣∣

≤ 1

2
C3|γ′h(t)|2 + C‖γh − x̄‖∞,

where C is a Lipschitz constant for the restriction of E to Br × {0}. By averaging this
inequality over the interval [0, Th] and by using (4.2), we obtain

1

Th

∫ Th

0

∣∣E
(
γh(t), γ′h(t)

)
− E(x̄, 0)

∣∣ dt = O(Th) + C‖γh − x̄‖∞ = o(1). (4.8)

On the other hand, by (3.7), by the form (3.8) of the Riemannian metric onM and by (4.3),

∣∣∣∣
1

Th

∫ Th

0

(
E
(
γh(t), γ′h(t)

)
− κ
)
dt

∣∣∣∣ =

∣∣∣∣
∂Aκ
∂T

(xh, Th)

∣∣∣∣ =

∣∣∣∣dAκ(xh, Th)
[ ∂
∂T

]∣∣∣∣ ≤ εh. (4.9)

The inequalities (4.8) and (4.9) imply that E(x̄, 0) = κ, as claimed.

(PS) sequences with (Th) bounded and bounded away from zero Together with
the previous one, the following lemma shows that the only (PS) sequences which may cause
difficulties are those for which the sequence (Th) of periods is not bounded from above.

Lemma 4.2. Let (xh, Th) be a (PS)c sequence for Aκ with 0 < T∗ ≤ Th ≤ T ∗ < ∞. Then
(xh, Th) is compact in M.

Proof. Up to a subsequence, we may assume that (Th) converges to some T ∈ [T∗, T ∗]. By
(3.4) we have

c+ o(1) ≥ Aκ(xh, Th) ≥ Th
∫ 1

0

(
L
(
xh, x

′
h/Th

)
+ κ
)
ds

≥ Th
∫ 1

0

(
L0
|x′h|2
T 2
h

− (L1 − κ)
)
ds ≥ L0

T ∗
‖x′h‖22 − T ∗|L1 − κ|,

(4.10)

where ‖·‖2 denotes the L2 norm with respect to the fixed Riemannian metric on M . Therefore,
‖x′h‖2 is uniformly bounded and (xh) is 1/2-equi-Hölder-continuous:

dist
(
xh(s′), xh(s)

)
≤
∫ s′

s
|x′h(r)| dr ≤ |s′ − s|1/2‖x′h‖2.

13



By the Ascoli-Arzelà theorem, up to a subsequence (xh) converges uniformly to some x ∈
C(T,M). In particular, (xh) eventually belongs to the image of the parameterization ϕ∗
induced by a smooth map

ϕ : T×Br →M.

See (2.1) and recall that the image of this parameterization is C0-open. Then xh = ϕ∗(ξh),
where ξh belongs to W 1,2(T, Br) and is a (PS) sequence for the functional

Ã(ξ, T ) = T

∫ 1

0
L̃
(
s, ξ, ξ′/T

)
ds,

with respect to the standard Hilbert product on W 1,2(T,Rn), where the Lagrangian L̃ ∈
C∞(T×Br×Rn) is obtained by pulling back L+κ by ϕ. Moreover, (ξh) converges uniformly
and, since ‖ξ′h‖2 is bounded, weakly in W 1,2 to some ξ in W 1,2(T, Br). We must prove that
this convergence is actually strong in W 1,2.

Since L̃(s, x, v) is electromagnetic for |v| large, we have the bounds
∣∣dxL̃(s, x, v)

∣∣ ≤ C(1 + |v|2),
∣∣dvL̃(s, x, v)

∣∣ ≤ C(1 + |v|), (4.11)

for a suitable constant C. Since (ξh, Th) is a (PS) sequence with (Th) bounded away from
zero and (ξh) is bounded in W 1,2, we have by (3.6)

o(1) = dÃ(ξh, Th)[(ξh − ξ, 0)]

= Th

∫ 1

0
dxL̃

(
s, ξh, ξ

′
h/Th

)
[ξh − ξ] ds+ Th

∫ 1

0
dvL̃

(
s, ξh, ξ

′
h/Th

)[
(ξ′h − ξ′)/Th

]
ds.

By the first bound in (4.11) and the uniform convergence ξh → ξ, the first integral is infinites-
imal. Therefore ∫ 1

0
dvL̃

(
s, ξh, ξ

′
h/Th

)[
(ξ′h − ξ′)/Th

]
ds = o(1). (4.12)

From the fiberwise C2 strict convexity of L̃, we have the bound

dvvL̃(s, x, v)[u, u] ≥ δ|u|2, ∀(s, x, v) ∈ T×Br × Rn, u ∈ Rn,

for a suitable positive number δ. It follows that

dvL̃

(
s, ξh,

ξ′h
Th

)[
ξ′h − ξ′
Th

]
− dvL̃

(
s, ξh,

ξ′

Th

)[
ξ′h − ξ′
Th

]

=

∫ 1

0
dvvL̃

(
s, ξh,

ξ′

Th
+ σ

ξ′h − ξ′
Th

)[
ξ′h − ξ′
Th

,
ξ′h − ξ′
Th

]
dσ ≥ δ

T 2
h

|ξ′h − ξ′|2.

By integrating this inequality over s ∈ [0, 1] and by (4.12), we obtain

o(1)−
∫ 1

0
dvL̃

(
s, ξh, ξ

′/Th)
[
(ξ′h − ξ′)/Th

]
ds ≥ δ

T 2
h

‖ξ′h − ξ′‖22.

By the second bound in (4.11), the sequence

dvL̃
(
s, ξh, ξ

′/Th
)

converges strongly in L2. By the weak L2 convergence to 0 of (ξ′h − ξ), we deduce that the
integral on the left-hand side of the above inequality is infinitesimal. We conclude that (ξh)
converges to ξ strongly in W 1,2.
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5 Periodic orbits with high energy

The Mañé critical values The following numbers should be interpreted as energy levels
and mark important dynamical and geometric changes for the Euler-Lagrange flow induced
by the Tonelli Lagrangian L:

c0(L) := inf{κ ∈ R |Aκ(x, T ) ≥ 0 ∀(x, T ) ∈M with x homologous to zero}

= − inf
{ 1

T

∫ T

0
L(γ(t), γ′(t)) dt

∣∣∣ γ ∈ C∞(R/TZ,M) homologous to zero, T > 0
}
,

cu(L) := inf{κ ∈ R |Aκ(x, T ) ≥ 0 ∀(x, T ) ∈M with x contractible}

= − inf
{ 1

T

∫ T

0
L(γ(t), γ′(t)) dt

∣∣∣ γ ∈ C∞(R/TZ,M) contractible, T > 0
}
,

e0(L) := max
x∈M

E(x, 0).

The number c0(L) is known as the strict Mañé critical value, while cu(L) is the Mañé critical
value associated to the universal covering of M (see [Mañ97]). When the fundamental group of
M is rich, there are other Mañé critical values, which are associated to the different coverings
to M , but the above ones are those which are more relevant for the question of existence of
periodic orbits. It is easy to see that

minE ≤ e0(L) ≤ cu(L) ≤ c0(L).

When L has the form (3.1), minE is the minimum of the scalar potential V , while e0(L) is
its maximum. When the magnetic potential θ vanishes, the identities e0(L) = cu(L) = c0(L)
hold, but in general e0(L) is strictly lower than the other two numbers. The values cu(L) and
c0(L) coincide when the fundamental group of M is Abelian and, more generally, when it is
ameanable (see [FM07]).

Lemma 5.1. If κ ≥ cu(L), then Aκ is bounded from below on every connected component
of M.

Proof. Choose γ : R/TZ → M in some connected component of the free loop space and

let γ̃ : [0, T ] −→ M̃ be the its lift to the universal covering π : M̃ → M . We lift the metric

of M to M̃ and notice that the fact of having fixed the connected component of the free
loop space implies that dist

(
γ̃(T ), γ̃(0)

)
is uniformly bounded. Therefore, there exists a path

α̃ : [0, 1]→ M̃ which joins γ̃(T ) to γ̃(0) and has uniformly bounded action

Ãκ(α̃) =

∫ 1

0

(
L̃
(
α̃(t), α̃′(t)

)
+ κ
)
dt ≤ C,

where L̃ denotes the Lagrangian on M̃ which is obtained by lifting L to M̃ . If α := π ◦ α̃, the
juxtaposition γ#α is a contractible loop in M . Since κ ≥ cu(L), we have

0 ≤ Aκ(γ#α) = Aκ(γ) + Aκ(α) = Aκ(γ) + Ãκ(α̃) ≤ Aκ(γ) + C,

from which Aκ(γ) ≥ −C.

Lemma 5.2. If κ > cu(L), then any (PS) sequence (xh, Th) in a given connected component
of M with Th ≥ T∗ > 0 is compact.
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Proof. By Lemma 4.2, it is enough to show that (Th) is bounded from above. Since

Aκ(x, T ) = Acu(L)(x, T ) +
(
κ− cu(L)

)
T,

the period

Th =
1

κ− cu(L)

(
Aκ(xh, Th)− Acu(L)(xh, Th)

)

is bounded from above, because Aκ is bounded on the (PS) sequence (xh, Th) and Acu(L)(xh, Th)
is bounded from below by Lemma 5.1.

Existence of periodic orbits for energies above cu(L) The following result shows that
the energy levels above cu(L) have always periodic orbits.

Theorem 5.3. If κ > cu(L), then:

(i) if M is not simply connected, then the energy level E−1(κ) has a periodic orbit in each
non-trivial homotopy class of free loops, which minimizes the action Aκ among the free
loops in that class;

(ii) if M is simply connected, then the energy level E−1(κ) has a periodic orbit with positive
action Aκ.

Proof. (i) Assume that M is not simply connected. Let α ∈ [T,M ] be a non-trivial ho-
motopy class and let Mα be the connected component of Mnoncontr corresponding to α. By
Lemma 5.1, the functional Aκ is bounded from below onMα. By Lemma 3.3 (i), the sublevels

{(x, T ) ∈Mα |Aκ(x, T ) ≤ c}

are complete. Let (xh, Th) ⊂Mα be a (PS) sequence for Aκ. By Lemma 4.1, (Th) is bounded
away from zero, so Lemma 5.2 implies that Aκ satisfies the (PS) condition onMα. By Remark
1.10, we conclude that Aκ has a minimizer on Mα, as we wished to prove.

(ii) Assume that M is simply connected, so that M =Mcontr. In this case, Aκ is strictly
positive everywhere, because κ > cu(L), but the infimum of Aκ is zero, as one readily checks
by looking at sequences of the form (x0, Th), with x0 a constant loop and Th → 0. So the
infimum is not achieved. We will find the periodic orbit by considering the same minimax
class which Lusternik and Fet considered in their proof of the existence of a closed geodesic
on a simply connected compact manifold.

Since the closed manifold M is simply connected, there exists l ≥ 2 such that πl(M) 6= 0 (a
manifold all of whose homotopy groups vanish is contractible, but closed manifolds are never
contractible, for instance because their n-dimensional homology group with Z2 coefficients
does not vanish). We fix a non-zero homotopy class G ∈ πl(M). Thanks to the isomorphism
πl−1(C0(T,M)) ∼= πl(M), we have an induced non-zero homotopy class

H ∈ [Sl−1, C0(T,M)] ∼= [Sl−1,M],

and we consider the minimax value

c = inf
h:Sl−1→M

h∈H

max
ξ∈Sl−1

Aκ(h(ξ)).
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Let us show that c > 0. Since H is non-trivial, there exists a positive number a such that for
every map h = (x, T ) : Sl−1 →M belonging to the class H there holds

max
ξ∈Sl−1

`(x(ξ)) ≥ a,

where `(x(ξ)) denotes the length of the loop x(ξ) (see [Kli78, Theorem 2.1.8]). If (x, T ) is an
element of M with `(x) ≥ a, then (3.4) implies

Aκ(x, T ) = T

∫ 1

0

(
L
(
x, x′/T

)
+ κ
)
ds ≥ T

∫ 1

0

(
L0
|x′|2
T 2
− L1 + κ

)
ds

≥ L0

T
`(x)2 − T (L1 − κ) ≥ L0

T
a2 − T (L1 − κ).

Since a > 0, the above chain of inequalities implies that there exists T0 > 0 such that for every
(x, T ) ∈ M with `(x) ≥ a and Aκ(x, T ) ≤ c + 1, the period T is at least T0. Now let h ∈ H
be such that the maximum of Aκ on h(Sl−1) is less than c+ 1. By the above considerations,
there exists (x, T ) in h(Sl−1) with T ≥ T0, whence

Aκ(x, T ) = Acu(L)(x, T ) +
(
κ− cu(L)

)
T ≥

(
κ− cu(L)

)
T0 > 0.

This shows that the minimax value c is strictly positive.
Theorem 1.8, together with Remark 1.11 and Lemma 3.4, implies the existence of a (PS)c

sequence (xh, Th). Lemma 4.1 guarantees that (Th) is bounded away from zero, so by Lemma
5.2 the sequence (xh, Th) has a limiting point in M, which gives us the required periodic
orbit.

Remark 5.4. If M is not simply connected and κ > cu(L), the energy level E−1(κ) might
have no contractible periodic orbits. Consider for instance the Lagrangian L(x, v) = |v|2/2
on the torus Tn, equipped with the flat metric. The corresponding Euler-Lagrange flow is the
geodesic flow on TTn, cu(L) = 0, and all the non-constant closed geodesics on the flat torus
are non-contractible.

Remark 5.5. If κ > c0(L), the existence of a periodic orbit on E−1(κ) also follows from the
fact that every Finsler metric on a closed manifold has a closed geodesic. In fact, the strict
Mañé critical value c0(L) can be characterized as

c0(L) = inf

{
max
x∈M

H(x, α(x))
∣∣∣α smooth closed one-form on M

}
,

where H : T ∗M → R is the Hamiltonian associated to the Lagrangian L via Legendre
duality (see [CIPP98]). So, if κ > c0(L), there is a smooth closed one-form α whose image
is contained in the sublevel {H < κ}. Since α is closed, the diffeomorphism of T ∗M defined
by (x, p) 7→ (x, p + α(x)) is symplectic and conjugates the Hamiltonian flow of H to that of
K(x, p) := H(x, p+α(x)). The energy level K−1(κ) is now the boundary of a fiberwise strictly
convex bounded open set which contains the zero section of T ∗M . Therefore, there exists
a fiberwise convex and 2-homogeneous function F : T ∗M → [0,+∞) such that F−1(1) =
K−1(κ). Thus, the Hamiltonian flow of F on F−1(1) = K−1(κ) is related to that of K -
hence to that of H on H−1(κ) - by a time reparameterization. But the Legendre dual of
the fiberwise convex and 2-homogeneous Hamiltonian F is a Finsler structure on M . In
particular, the closed orbits of the Hamiltonian vector field of F on F−1(1) are precisely the
closed Finsler geodesics. We conclude that the periodic orbits of the Euler-Lagrange flow of
L of energy κ are reparametrized closed Finsler geodesics.
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Remark 5.6. Most of the multiplicity results for closed Finsler geodesics hold also Hamil-
tonian orbits at energy levels κ > cu(L). In fact, as the proof of Theorem 5.3 suggests, the
(PS) condition and the topology of the sublevels of the functional Aκ are analogous to the
corresponding properties of the geodesic energy functional (with the notable exception of the
zero level). By the above remark, when κ > c0(L), such results follow even more directly
from the Finsler case.

6 Topology of the free period action functional for low ener-
gies

When κ < cu(L), the functional Aκ is unbounded from below on each connected component
of M. In fact, if α is a contractible closed curve with Aκ(α) < 0, we can modify any closed
curve γ within its free homotopy class and make it have arbitrarily low action Aκ: Join γ(0) to
α(0) by some path, wind around α several times, come back to γ(0) by the inverse path, and
finally go once around γ. The aim of this section is to show that, nevertheless, the sublevels
of Aκ have a sufficiently rich topology.

We start by proving a simple lemma about the integral of a one form. The integral of a
given one-form on a curve x is clearly bounded by a constant times the length of x. When
the support of the curve is contained in a ball of M , one may also take the square of the
length in this bound, which is a better estimate for short curves. More precisely, we have the
following:

Lemma 6.1. Let θ be a smooth one-form on M and let U ⊂M be an open set whose closure
is diffeomorphic to a closed ball in Rn. Then there exists a number Θ > 0 such that

∣∣∣∣
∫

T
x∗(θ)

∣∣∣∣ ≤ Θ · `(x)2,

for every closed curve x : T→ U .

Proof. Up to the change of the constant Θ, we may assume that U = Br is the ball of
radius r around the origin in Rn, equipped with the Euclidean metric. Given the closed curve
x : T→ Br, we consider the map

X : [0, 1]× T→ Br, X(s, t) = x(0) + s
(
x(t)− x(0)

)
.

Then X(1, t) = x(t) and X(0, t) = x(0), hence by Stokes theorem

∣∣∣∣
∫

T
x∗(θ)

∣∣∣∣ =

∣∣∣∣
∫

[0,1]×T
X∗(dθ)

∣∣∣∣ =

∣∣∣∣
∫ 1

0
ds

∫

T
dθ
(
X(s, t)

)[∂X
∂s

,
∂X

∂t

]
dt

∣∣∣∣

≤ ‖dθ‖∞
∫ 1

0
ds

∫

T

∣∣∣∣
∂X

∂s

∣∣∣∣
∣∣∣∣
∂X

∂t

∣∣∣∣ dt = ‖dθ‖∞
∫ 1

0
ds

∫

T

∣∣x(t)− x(0)
∣∣s
∣∣x′(t)

∣∣ dt

≤ 1

2
‖dθ‖∞ `(x)

∫ 1

0
ds

∫

T
s
∣∣x′(t)

∣∣ dt =
1

4
‖dθ‖∞ `(x)2,

as claimed.
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The energy range (e0(L), cu(L)) If κ < cu(L), there are contractible closed curves with
negative action Aκ. Since the space of contractible loops is connected, we can consider the
following class of continuous paths in M:

Z0 :=
{

(x, T ) : [0, 1]→M
∣∣x(0) is a constant loop and Aκ(x(1), T (1)) < 0

}
. (6.1)

Notice that if x0 is a constant loop and T > 0, then

Aκ(x0, T ) = T
(
L(x0, 0) + κ

)
= T

(
κ− E(x0, 0)

)
. (6.2)

When κ > e0(L) = maxx∈M E(x, 0), the above quantity is strictly positive (and tends to zero
for T → 0). The next lemma shows that when e0(L) < κ < cu(L), Aκ has a sort of mountain
pass geometry:

Lemma 6.2. Assume that e0(L) < κ < cu(L). Then there exists a > 0 such that for every
z ∈ Z0 there holds

max
σ∈[0,1]

Aκ
(
z(σ)

)
≥ a.

Proof. Consider the smooth one-form on M ,

θ(x)[v] := dvL(x, 0)[v].

By taking a Taylor expansion and by using the bound (3.5), we get the estimate

L(x, v) = L(x, 0) + dvL(x, 0)[v] +
1

2
dvvL(x, sv)[v, v] ≥ −E(x, 0) + θ(x)[v] + L0|v|2, (6.3)

where s ∈ [0, 1]. Let {U1, . . . , UN} be a finite covering of M consisting of open sets whose
closures are diffeomorphic to closed Euclidean balls, and let Θ > 0 be such that the conclusion
of Lemma 6.1 holds for the one-form θ, for each of the open sets Uj ’s. Let r0 be a Lebesgue
number for this covering, meaning that every ball of radius r0 is contained in one of the Uj ’s.

We claim that if Aκ(x, T ) < 0 then

`(x) > min

{
r0,

√
L0(κ− e0(L))

Θ

}
=: r1. (6.4)

In fact, assuming that `(x) ≤ r0, we have that x(T) is contained in some Uj , for 1 ≤ j ≤ N .
Set as usual γ(t) = x(t/T ). By Lemma 6.1 and by (6.3), we obtain the chain of inequalities

0 > Aκ(x, T ) = Aκ(γ) =

∫ T

0

(
L(γ, γ′) + κ

)
dt

≥
∫ T

0

(
− E(γ, 0) + θ(γ)[γ′] + L0|γ′|2 + κ

)
dt

=

∫ T

0

(
κ− E(γ, 0)

)
dt+

∫

R/TZ
γ∗(θ) + L0

∫ T

0
|γ′|2 dt

≥
(
κ− e0(L)

)
T −Θ · `(γ)2 +

L0

T
`(γ)2.

(6.5)

Since we are assuming κ > e0(L), the above estimate implies that T > L0/Θ and that

`(γ)2 >

(
κ− e0(L)

)
T

Θ− L0/T
>

(
κ− e0(L)

)
T

Θ
>

(
κ− e0(L)

)
L0

Θ2
,
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which proves (6.4).
Fix some number r in the open interval (0, r1). Since z = (x, T ) ∈ Z0, Aκ(x(1), T (1)) is

negative, so by (6.4) the length of x(1) is larger than r1. By continuity, using the fact that
x(0) is a constant loop, we get the existence of σ ∈ (0, 1) for which `(x(σ)) = r. Then (6.5)
implies

Aκ(x(σ), T (σ)) ≥
(
κ− e0(L)

)
T+
(L0

T
−Θ

)
r2.

Minimization in T yields

Aκ(x(σ), T (σ)) ≥ r
(√

L0(κ− e0(L))−Θr
)

=: a.

The number a is positive because r < r1. This concludes the proof.

The energy range (min E, e0(L)) When κ < e0(L), the identity (6.2) shows that Aκ takes
negative values on some constant loops, and the conclusion of Lemma 6.2 cannot hold. Instead
than considering the class of paths which go from some constant loop to a loop of negative
action, one has to consider the class of deformations of the space of constant loops - which is
diffeomorphic to M - into the space of loops with negative action. More precisely, we consider
the set of continuous maps

ZM =
{

(x, T ) : [0, 1]×M →M
∣∣x(0, x0) = x0 and Aκ

(
x(1, x0), T (1, x0)

)
< 0, ∀x0 ∈M

}
.

Lemma 6.3. If κ < cu(L), then the set ZM is not empty.

We just sketch the proof, referring to [Tai83] for more details (see also [Tai10]). The
argument follows closely Bangert’s technique of “pulling one loop at a time” (see [Ban80] and
[BK83]).

Let M0 ⊂ M1 ⊂ · · · ⊂ Mn = M be a CW-complex decomposition of M . Since κ < cu(L)
and since the 0-skeleton M0 is a finite set, it is easy to construct a continuous map

z0 : [0, 1]×M →M, z0(σ, x0) =
(
y0(σ, x0), T0(σ, x0)

)
,

such that

(i) y0(0, x0) = x0 for every x0 ∈M ;

(ii) Aκ ◦ z0(1, x0) < 0 for every x0 ∈M0.

Given a positive integer h, we may iterate each loop h times and obtain the map

zh0 : [0, 1]×M →M, zh0 (σ, x0) =
(
yh0 (σ, x0), hT0(σ, x0)

)
,

where
yh0 (σ, x0)(s) := y0(σ, x0)(hs), ∀(σ, x0) ∈ [0, 1]×M, ∀s ∈ T.

Consider an edge S in M1 with end-points x0, x1 ∈M0. The map zh0 (1, ·) maps the the end-
points of S into the h-th iterates αh and βh of two loops α and β with negative action Aκ.
By pulling one of the h loops at a time from αh to βh, one can construct a new map from S
into M with end-points αh and βh and such that Aκ is negative on its image, provided that
h is large enough. By relying on the map zh0 , this construction can be done globally, and one
ends up with a continuous map

z1 : [0, 1]×M →M, z1(σ, x0) =
(
y1(σ, x0), T1(σ, x0)

)
,

such that
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(i’) y1(0, x0) = x0 for every x0 ∈M ;

(ii’) Aκ ◦ z1(1, x0) < 0 for every x0 ∈M1.

Iterating this process, one can construct continuous maps

zk : [0, 1]×M →M, zk(σ, x0) =
(
yk(σ, x0), Tk(σ, x0)

)
,

such that

(i”) yk(0, x0) = x0 for every x0 ∈M ;

(ii”) Aκ ◦ zk(1, x0) < 0 for every x0 ∈Mk.

The map zn is an element of ZM . This concludes our sketch of the proof of Lemma 6.3. The
proof of the following result is analogous to the proof of Lemma 6.2.

Lemma 6.4. Assume that minE < κ < cu(L). Then there exists a > 0 such that for every
z ∈ ZM there holds

max
(σ,x0)∈[0,1]×M

Aκ
(
z(σ, x0)

)
≥ a.

Remark 6.5. The minimax class ZM will be used in the next section to prove the existence
of periodic orbits for almost energy level in the interval (minE, e0(L)). This result can
be proved also by an argument from symplectic topology. In fact, let H : T ∗M → R be
the Hamiltonian which is Legendre dual to L. The fact that κ < e0(L) implies that the
restriction of the projection T ∗M → M to H−1(κ) is not surjective. Therefore, one can
build a Hamiltonian diffeomorphism of T ∗M which displaces H−1(κ) from itself (see [Con06,
Proposition 8.2]). Sets which are displaceable by a Hamiltonian diffeomorphism have finite
π1-sensitive Hofer-Zehnder capacity (see [Sch06] and [FS07]) and this fact implies the almost
everywhere existence result for periodic orbits (see [HZ94]). See [Con06, Corollary 8.3] for
more details.

7 Periodic orbits with low energy

The Struwe monotonicity argument When κ ≤ cu(L), the periods in a (PS) sequence
need not be bounded anymore. Because of this fact, the question of the existence of periodic
orbits for every energy κ in the interval [minE, cu(L)] is open, although no counterexamples
are known. The horocycle flow on a closed surface M with constant negative curvature has no
periodic orbits, but it can be seen as an Euler-Lagrange flow associated to some Lagrangian
L only when lifted to the (non-compact) universal covering of M . In this case, the relevant
value of the energy would be exactly cu(L).

The following argument is a version of an argument of Struwe, which says that when deal-
ing with a minimax value associated to a family of functionals depending on a real parameter
in a suitable monotone way, there exist compact (PS) sequences for almost every value of
the parameter. This argument has applications both to Hamiltonian periodic orbits and to
semilinear elliptic equations (see [Str90], [Str00, section II.9] and references therein).

Let us assume that minE < cu(L), otherwise the interval of low energies collapses to a
single level and there is nothing to prove. Given κ ∈ (minE, cu(L)), let Γ be the set of the
images of the maps either in Z0 or in ZM , which were introduced in the previous section: If
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e0(L) < κ < cu(L) we may take Z0, while in general we should take ZM . Let I be either the
interval (e0(L), cu(L)) - if we are dealing with Z0 - or the interval (minE, cu(L)) - if we are
dealing with ZM . For every κ ∈ I, consider the minimax value

c(κ) := inf
K∈Γ

max
(x,T )∈K

Aκ(x, T ). (7.1)

By Lemmas 6.2, 6.3, and 6.4, c(κ) is finite and positive, and since Aκ depends monotonically
on κ, the function

c : I → (0,+∞)

is weakly increasing. By Lebesgue Theorem, the set of points of I at which c has a linear
modulus of continuity, that is

J :=
{
κ̄ ∈ I

∣∣∃δ > 0, ∃M > 0 s.t. |c(κ)− c(κ̄)| ≤M |κ− κ̄| for every κ ∈ I with |κ− κ̄| < δ
}
,

has full Lebesgue measure in I.

Lemma 7.1. If κ̄ ∈ J , then Aκ admits a bounded (PS) sequence at level c(κ̄), which consists
of contractible loops.

Proof. First recall that Γ is a class of subsets ofMcontr. Let (κh) ⊂ I be a strictly decreasing
sequence which converges to κ̄, and set εh := κh − κ̄ ↓ 0. We pick Kh ∈ Γ such that

max
Kh

Aκh ≤ c(κh) + εh.

Let z = (x, T ) ∈ Kh be such that Aκ̄(z) > c(κ̄)− εh. Since κ̄ belongs to J , we have

T =
Aκh(z)− Aκ̄(z)

κh − κ̄
≤ c(κh) + εh − c(κ̄) + εh

εh
≤M + 2.

Moreover,
Aκ̄(z) ≤ Aκh(z) ≤ c(κh) + εh ≤ c(κ̄) + (M + 1)εh.

By the above considerations,

Kh ⊂ Ah ∪
{
Aκ̄ ≤ c(κ̄)− εh

}
,

where
Ah :=

{
(x, T )

∣∣T ≤M + 2 and Aκ̄(x, T ) ≤ c(κ̄) + (M + 1)εh
}
.

If (x, T ) belongs to Ah, we have the estimate

Aκ̄(x, T ) ≥ L0

M + 2
‖x′‖22 − (M + 2)(L1 − κ̄),

(see (4.10)), which shows that Ah is bounded in M, uniformly in h. Let φ be the flow of the
vector field obtained by multiplying −∇Aκ̄ by a suitable non-negative function, whose role is
to make the vector field bounded on M and vanishing on the sublevel {Aκ̄ ≤ c(κ̄)/4}, while
keeping the uniform decrease condition

d

dσ
Aκ̄
(
φσ(z)

)
≤ −1

2
min

{
‖dAκ̄(φσ(z))‖2, 1

}
, if Aκ̄(φσ(z)) ≥ c(κ̄)/2. (7.2)
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See (1.1) and Remarks 1.4, 1.11. Then Lemma 3.4 implies that φ is well-defined on [0,+∞[×M,
and the class of sets Γ is positively invariant with respect to φ. Since φ maps bounded sets
into bounded sets, we have

φ([0, 1]×Kh) ⊂ Bh ∪
{
Aκ̄ ≤ c(κ̄)− εh

}
, (7.3)

for some uniformly bounded set

Bh ⊂
{
Aκ̄ ≤ c(κ̄) + (M + 1)εh

}
. (7.4)

We claim that there exists a sequence (zh) ⊂Mcontr with

zh ∈ Bh ∩
{
Aκ̄ ≥ c(κ̄)− εh

}
,

and ‖dAκ̄(zh)‖ infinitesimal. Such a sequence is clearly a bounded (PS) sequence at level
c(κ̄). Assume, by contradiction, the above claim to be false. Then there exists 0 < δ < 1
which satisfies

‖dAκ̄‖ ≥ δ on Bh ∩
{
Aκ̄ ≥ c(κ̄)− εh

}
,

for every h large enough. Together with (7.2), (7.3) and (7.4), this implies that, for h large
enough, for any z ∈ Kh such that

φ([0, 1]× {z}) ⊂
{
Aκ ≥ c(κ̄)− εh

}
,

there holds

Aκ̄
(
φ1(z)

)
≤ Aκ̄(z)− 1

2
δ2 ≤ c(κ̄) + (M + 1)εh −

1

2
δ2.

It follows that
max
φ1(Kh)

Aκ̄ ≤ c(κ̄)− εh,

for h large enough. Since φ1(Kh) belongs to Γ, this contradicts the definition of c(κ̄) and
concludes the proof.

Existence of periodic orbits of low energy We are finally ready to prove the following:

Theorem 7.2. For almost every κ ∈ (minE, cu(L)), there is a contractible periodic orbit γ
of energy E(γ, γ′) = κ and positive action Aκ(γ) = c(κ).

Proof. Let κ be an element of the full measure set J ⊂ I. We may also assume that κ does
not belong to the set of critical values of the smooth function x0 7→ E(x0, 0), which by Sard
theorem has zero measure. By Lemma 7.1, Aκ admits a (PS) sequence (xh, Th) ⊂ Mcontr

with (Th) bounded. By Lemma 4.1, (Th) is bounded away from zero, because otherwise κ
would be a critical value of the function x0 7→ E(x0, 0). By Lemma 4.2, the sequence (xh, Th)
has a limiting point in Mcontr, which gives us the required contractible periodic orbit.
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Contact type and stable energy hypersurfaces LetH ∈ C∞(T ∗M) be the Hamiltonian
which is Legendre dual to the Lagrangian L:

H(x, p) := max
v∈TxM

(
p[v]− L(x, v)

)
.

Then H is a Tonelli Hamiltonian, meaning that it is fiberwise superlinear and C2-strictly
convex (see the beginning of Section 3). Let XH be the induced Hamiltonian vector field on
T ∗M , which is defined by the identity

ω(XH(z), ζ) = −dH(z)[ζ], ∀z ∈ T ∗M, ζ ∈ TzT ∗M,

where ω = dp ∧ dx is the standard symplectic form on T ∗M . The flow of XH preserves
each level H−1(κ), where it is conjugated to the Euler-Lagrange flow of L on E−1(κ) by the
Legendre transform

TM → T ∗M, (x, v) 7→
(
x, dvL(x, v)

)
.

Assume that κ is a regular value of H, so that Σ := H−1(κ) is a hypersurface. Up to a time
reparametrization, the dynamics on Σ is determined only by the geometry of Σ and not by
the Hamiltonian of which Σ is an energy level: in fact the nowhere vanishing vector field
XH |Σ belongs to the one-dimensional distribution

LΣ := kerω|Σ,

whose integral curves are hence the orbits of XH |Σ.
The energy level Σ is said to be of contact type if there is a one-form η on Σ which is a

primitive of ω|Σ and is such that η does not vanish on LΣ. Equivalently, there is a smooth
vector field Y in a neighborhood of Σ which is transverse to Σ and such that LY ω = ω (the
vector field Y and the one-form η are related by the identity ıY ω|Σ = η).

Remark 7.3. If κ > c0(L), then H−1(κ) is of contact type (actually, it is of restricted contact
type, meaning that the one-form η extends to a primitive of ω on the whole T ∗M , as one
can deduce from the considerations of Remark 5.5). If cu(L) ≤ κ ≤ c0(L) and M is not the
2-torus, H−1(κ) is not of contact type (see [Con06, Proposition B.1]), and it is conjectured
that the same is true for e0(L) < κ < cu(L). If minE < κ < e0(L), H−1(κ) might or
might not be of contact type: For instance, if the one-form θ(x)[v] := dvL(x, 0)[v] is closed,
then every regular energy level is of contact type (see [Con06, Proposition C.2], in this case
e0(L) = cu(L) = c0(L)).

The contact condition has the following important consequence: if Σ is a contact type
compact hypersurface in a symplectic manifold (W,ω) (in our case, W = T ∗M), then there
is a diffeomorphism

(−ε, ε)× Σ→W, (r, x) 7→ ψr(x),

onto an open neighborhood of Σ such that ψ0 is the identity on Σ and

ψr : Σ→ Σr := ψr(Σ)

induces an isomorphism between the line bundles LΣ and LΣr (the hypersurface Σr is the
image of Σ by the flow at time r of the vector field Y given by the contact condition, see
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[HZ94, page 122]). Therefore, if the hypersurfaces Σr are level sets of a Hamiltonian K, the
dynamics of XK on Σr is conjugate to the one on Σ0 = Σ up to a time reparametrization.

Hypersurfaces with the above propery are called stable (see [HZ94, page 122]). The sta-
bility condition is weaker than the contact condition, as the following characterization, which
is due to K. Cieliebak and K. Mohnke [CM05, Lemma 2.3], shows:

Proposition 7.4. Let Σ be a compact hypersurface in the symplectic manifold (W,ω). Then
the following facts are equivalent:

(i) Σ is stable;

(ii) there is a vector field Y on a neighborhood of Σ which is transverse to Σ and satisfies
LΣ ⊂ ker(LY ω|Σ);

(iii) there is a one-form η on Σ such that LΣ ⊂ ker dη and η does not vanish on LΣ.

Proof. (i)⇒ (ii). By stability, a neighborhood of Σ can be identified with (−ε, ε)×Σ in such
a way that L{r}×Σ does not depend on r. Set Y := ∂/∂r and denote by φt(r, x) = (r + t, x)
its flow. Then ker(φ∗tω|{0}×Σ) does not depend on t and differentiating in t at t = 0 we get

LΣ = kerω|Σ ⊂ ker(LY ω|Σ).

(ii) ⇒ (iii). If we set η := ıY ω|Σ, by Cartan’s identity we have

dη = dıY ω|Σ = (LY ω − ıY dω)|Σ = LY ω|Σ,

so LΣ ⊂ ker(LY ω|Σ) = ker dη. If ξ 6= 0 is a vector in LΣ, then

η(ξ) = ω(Y, ξ) 6= 0,

because Y /∈ TΣ.
(iii) ⇒ (i). Consider the closed two-form on (−ε, ε)× Σ

ω̃ = ω|Σ + d(rη) = ω|Σ + rdη + dr ∧ η.

If ε is small enough, the form ω|Σ + rdη is non-degenerate on ker η for every r ∈ (−ε, ε),
from which we deduce that ω̃ is a symplectic form. Since ω̃|{0}×Σ coincides with ω|Σ, by the
coisotropic neighborhood theorem (see [Got82], or [MS98, Exercise 3.36] for the particular
case of a hypersurface), a neighborhood of Σ in W is symplectomorphic to ((−ε, ε) × Σ, ω̃),
up to the choice of a smaller ε. Since for ξ ∈ LΣ(x) and ζ ∈ T(r,x)({r}×Σ) = (0)×TxΣ there
holds

ω̃(ξ, ζ) = ω(ξ, ζ) + rdη(ξ, ζ) = 0,

we deduce that ker(ω̃|{r}×Σ) = LΣ does not depend on r. Therefore, {0} × Σ is stable in
((−ε, ε)× Σ, ω̃) and hence Σ is stable in (W,ω).

Remark 7.5. L. Macarini and G. Paternain have constructed examples of Tonelli Lagrangians
on the tangent bundle of Tn such that H−1(κ) is stable for κ = cu(L) = c0(L), see [MP10].

After these preliminaries, we can prove that stable energy levels of Tonelli Hamiltonians
posses periodic orbits. In particular, the same is true for contact type energy levels.
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Corollary 7.6. Assume that κ is a regular value of the Tonelli Hamiltonian H ∈ C∞(T ∗M)
and that the hypersurface Σ = H−1(κ) is stable. Then Σ carries a periodic orbit.

Proof. By stability, we can find a diffeomorphism

(−ε, ε)× Σ→ T ∗M, (r, x) 7→ ψr(x),

onto an open neighborhood of Σ such that ψ0 is the identity on Σ and

ψr : Σ→ Σr := ψr(Σ)

induces an isomorphism between the line bundles LΣ and LΣr . Up to the choice of a smaller
ε, we may assume that all the hypersurfaces Σr are levels of a C2-strictly convex function.
Therefore, they are the level sets of a Tonelli Hamiltonian K ∈ C∞(T ∗M). Since the Legendre
transform of K is a Tonelli Lagrangian, Theorems 5.3 and 7.2 imply that K−1(κ) has periodic
orbits for almost every κ. In particular, Σr has periodic orbits for almost every r, but since
the dynamics on Σr and on Σ are conjugated, the same is true for Σ.

Remark 7.7. The above proof shows the usefulness of having a theory which works with
Tonelli Lagrangians, rather than just electromagnetic ones. In fact even if the stable hy-
persurface Σ is the level set of an electromagnetic Hamiltonian (that is, it is fiberwise an
ellipsoid), the hypersurfaces Σr given by the stability assumption may be more general fiber-
wise C2-strictly convex hypersurfaces.

Remark 7.8. It can be proved that when M is a closed surface, there are periodic orbits on
every energy level (see [Tai92a], [Tai92b], [Tai92c] and [CMP03]). In fact, the advantage of
dealing with a surface is that when κ < cu(L) one can minimize Aκ on a suitable space of
embedded closed curves.

The two Lyapunov functions argument We conclude these notes by discussing an
alternative argument to deal with the lack of (PS) which is exhibited by Aκ when κ < cu(L).
It allows to prove that the set of energy levels κ such that the Euler-Lagrange flow has a
periodic orbit of energy κ is dense in (minE, cu(L)), a weaker statement than Theorem 7.2.
However, it has some advantages, which are discussed in Remark 7.12 below. This argument
is used, in a different context, in [AM08]. Here we shall use it in order to prove the following
weaker version of Theorem 7.2:

Theorem 7.9. Let minE < κ̄ < cu(L) and assume that there are no contractible periodic
orbits of energy κ̄ and non-negative action Aκ̄. Then there exists a strictly decreasing sequence
(κh) which converges to κ̄ and is such that the Euler-Lagrange flow has has a contractible
periodic orbit γh with energy κh and period Th, which satisfies Aκh(γh)/Th ↓ 0.

Proof. We argue by contradiction and assume that there exists κ̃ > κ̄ and δ > 0 such that
for any κ ∈ [κ̄, κ̃] all the periodic orbits γ of energy κ and period T satisfy either Aκ(γ)/T ≥ δ
or Aκ(γ) ≤ 0. Fix real numbers a > c(κ̄) and κ∗ ∈ (κ̄, κ̃]. Assume that we can find λ ∈ [0, 1]
and (x, T ) ∈M such that

λ dAκ̄(x, T ) + (1− λ) dAκ∗(x, T ) = 0, 0 < Aκ̄(x, T ) ≤ a.
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Then (x, T ) is a critical point of Aλκ̄+(1−λ)κ∗ , hence it is a T -periodic orbit with energy
λκ̄+ (1− λ)κ∗. By what we have assumed at the beginning, we have

δ ≤ 1

T
Aλκ̄+(1−λ)κ∗(x, T ) =

1

T
Aκ̄(x, T ) + (1− λ)(κ∗ − κ̄) ≤ a

T
+ κ∗ − κ̄.

Up to the choice of a smaller κ∗ > κ̄, we may assume that κ∗ − κ̄ ≤ δ/2. Then the above
estimate implies that

T ≤ 2a

δ
=: T ∗.

With these choices of κ∗ and T ∗, we can restate what we have proved so far as:

Lemma 7.10. If T > T ∗ and 0 < Aκ̄(x, T ) ≤ a, then the segment

conv
{
dAκ̄(x, T ), dAκ∗(x, T )

}
⊂ T ∗(x,T )M

does not contain 0.

The above lemma allows us to construct a negative pseudo-gradient vector field for Aκ̄
which has all the good properties of −∇Aκ̄ and moreover has Aκ∗ as a Lyapunov function on
the open set

A :=
{
T > T ∗} ∩ {0 < Aκ̄ < a

}
.

In fact, the only obstruction to finding a vector field W whose flow make both Aκ̄ and Aκ∗
decrease in A, is that the differentials of Aκ̄ and Aκ∗ point in opposite directions in some
point of A, and this is precisely what is excluded by Lemma 7.10. More precisely, one can
prove the following:

Lemma 7.11. There exists a locally Lipschitz vector field W on M such that:

(i) dAκ̄[W ] < 0 on {Aκ̄ > 0};

(ii) W is forward complete and vanishes on {Aκ̄ ≤ 0};

(iii) let zh = (xh, Th) be a sequence in Mcontr such that

0 < inf Aκ̄(zh) ≤ supAκ̄(zh) < +∞, lim
h→∞

dAκ̄(zh)[W (zh)] = 0,

and (Th) is bounded from above; then (zh) has a subsequence which converges inMcontr;

(iv) dAκ∗ [W ] < 0 on A.

In fact, one can choose W to be given by the vector field

∇Aκ̄ + χ
‖∇Aκ̄‖
‖∇Aκ∗‖

∇Aκ∗

multiplied by a suitable non-positive function. Here χ is a suitable cut-off function. See
[AM08, Lemmas 5.1 and 5.4] for a similar construction.

We can now prove Theorem 7.9. By the definition of c(κ̄), there is a set K in Γ such that

max
K

Aκ̄ < a.
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By Lemma 7.11 (i) and (ii), for every σ0 > 0 we have

inf
σ∈σ0

∣∣∣dAκ̄
(
φσ(z)

)[
W (φσ(z))

]∣∣∣ ≤ 1

σ0

∫ σ0

0

∣∣∣dAκ̄
(
φσ(z)

)[
W (φσ(z))

]∣∣∣ dσ =
Aκ̄(z)− Aκ̄(φσ0(z))

σ0
,

and, by the definition of c(κ̄),
max
z∈K

Aκ̄
(
φσ0(z)

)
≥ c(κ̄).

By taking a limit for σ0 → +∞, thanks to Lemma 7.11 (ii), the above facts imply that
φR+(K) ∩ {Aκ̄ > 0} contains a sequence zh = (xh, Th) such that

0 < c(κ̄) ≤ inf Aκ̄(zh) ≤ supAκ̄(zh) < a and lim
h→∞

dAκ̄(zh)[W (zh)] = 0.

It is enough to show that (Th) is bounded from above: Indeed, in this case Lemma 7.11 (iii)
implies that (zh) has a limiting point, which is a critical point of Aκ̄ with positive action,
contradicting the hypothesis of Theorem 7.9.

The upper bound on (Th) is a consequence of the following claim: the period T is bounded
on the set φR+(K) ∩ {Aκ̄ > 0}. In order to prove this claim, we first notice that

Aκ̄(x, T ) ≤ a, T ≤ T ∗ ⇒ Aκ∗(x, T ) ≤ a+ (κ∗ − κ̄)T ∗ =: b. (7.5)

Since K is compact, we can find d > b such that K ⊂ {Aκ∗ < d}. Let φ be the flow of the
vector field W . We claim that

φR+(K) ∩
{
Aκ̄ > 0

}
⊂
{
Aκ∗ < d

}
. (7.6)

In fact, let z ∈ K and let σ0 > 0 be the first instant such that Aκ∗(φσ0(z)) = d, while
Aκ̄(φσ0(z)) > 0. By Lemma 7.11 (i), Aκ̄(φσ0(z)) ≤ Aκ̄(z) < a. By Lemma 7.11 (iv), the
point φσ0(z) cannot belong to A, so φσ0(z) = (x, T ) with T ≤ T ∗ and (7.5) implies that
Aκ∗(φσ0(z)) ≤ b < d. This contradiction proves (7.6).

If Aκ̄(x, T ) > 0 and Aκ∗(x, T ) < d, then

d > Aκ∗(x, T ) = Aκ̄(x, T ) + (κ∗ − κ̄)T > (κ∗ − κ̄)T.

This shows that the period T is bounded on the set

{
Aκ̄ > 0

}
∩
{
Aκ∗ < d

}
,

and by (7.6) it is bounded also on

φR+(K) ∩
{
Aκ̄ > 0},

as claimed.

Remark 7.12. In the Struwe monotonicity argument, one gets the existence of bounded (PS)
sequences at level c(κ̄), but has no control on the (PS) sequences at other levels. Therefore, it
is not clear whether the space of negative gradient flow lines for Aκ̄ which connect two given
critical points - say with positive action - is bounded. An advantage of the two Lyapunov
functions argument, is that the latter fact is true for the flow lines of the vector field W
constructed in Lemma 7.11: the second Lyapunov function Aκ∗ allows to exclude the existence
of flow lines which go arbitrarily far and come back. This fact would allow to develop some
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global critical point theory for Aκ̄, such as Morse theory or Lusternik-Schnirelmann theory.
This is not useful here, because the a priori estimates which lead to the existence of the
pseudo-gradient vector field W come from a contradiction argument. However, it might be
useful in situations where these a priori bounds have a different origin, such as for example in
the case of tame energy levels (see [CFP10] for the definition of tameness and for motivating
examples).
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Magnetic flows and Mañé’s critical value

Gabriel P. Paternain∗

Notes taken by Youngjin Bae†

Introduction

Assume (M, g) is a closed Riemannian manifold with the cotangent bundle τ : T ∗M → M .
Suppose ω0 denotes the canonical symplectic form dp∧dq on T ∗M . Let σ ∈ Ω2(M) be a closed
2-form on M which represents a magnetic field. We consider an autonomous Hamiltonian
system defined by a Hamiltonian

H : T ∗M → R

H(q, p) =
1

2
|p|2 + U(q)

and a twisted symplectic form
ωσ = ω0 + τ∗σ.

Note that ωσ is really a symplectic form on T ∗M . Obviously it is closed and one can check
that it is nondegenerate. Now consider the Hamiltonian flow of H with respect to ωσ, the
motion of a particle on M moving under the conservative force −∇U and the magnetic field
σ. Let XH be its Hamiltonian vector field and φt : T ∗M → T ∗M be its flow. Since the
Hamiltonian flow preserves the energy level, the restriction

φ|Σk : Σk → Σk

is well-defined, where Σk = H−1(k). Our goal is to understand the dynamics of φ|Σk .
In local coordinates q1, . . . , qn on M and dual coordinates p1, . . . , pn the Hamiltonian

system is given by

q̇i =
∂H

∂pi
,

ṗi = −∂H
∂qi

+
n∑

j=1

σij(q)
∂H

∂pj
,

(0.1)

where

σ =
1

2

n∑

i,j=1

σij(q)dqi ∧ dqj , σij = −σji.
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In particular, the q-components of the Hamiltonian vector field XH are independent of σ,

XH =

(
∂H

∂p
, ∗
)
.

1 Critical values

Assume that there is a covering π : M̂ →M of (M,σ) such that π∗σ = dθ for some θ ∈ Ω1(M̂).
The coverings we are interested in are the universal cover and the abelian cover which will be
defined later.

Example 1.1. Consider (T2, σ = dq1 ∧ dq2) and its universal cover π : R2 → T2. Then σ is
not exact but π∗σ is exact.

Definition 1.2. The Mañé critical value of the cover is defined by

c(Ĥ) = inf
θ

dθ=π∗σ

sup
q∈M̂

Ĥ(q, θq),

where Ĥ is the lift of H to the cover M̂ .

Remark 1.3. 1. If M covers M̂ then c(H) ≤ c(Ĥ).

2. In the above case, equality holds if the deck transformation group is amenable, see
Definition 2.5.

Now consider a covering π : (M̂, π∗σ)→ (M,σ) and a primitive 1-form θ ∈ Ω1(M̂) of π∗σ.

Consider the Lagrangian L̂ : TM̂ → R which is defined by

L̂(q, v) =
1

2
|v|2 − U(q) + θq(v).

The action of the Lagrangian L̂ on an absolutely continuous curve γ : [0, T ]→ M̂ is given by

A
L̂

(γ) =

∫ T

0
L̂(γ(t), γ̇(t))dt.

We define the critical value of the Lagrangian L̂ as

c(L̂) = inf{k ∈ R : A
L̂+k

(γ) ≥ 0 for any a.c.1 closed curve γ : [0, T ]→ M̂, ∀T > 0}.

Theorem 1.4. If M̂ is any covering of the closed manifold M , then

c(Ĥ) = inf
[$]∈H1(M̂,R)

c(L̂−$).

Here a closed 1-form $ can be considered as a function $ : TM̂ → R defined by $(q, v) =
$q(v).

1a.c. means absolutely continuous
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Sketch of proof. For simplicity, let us denote by

L̂0(q, v) =
1

2
|v|2 − U(q).

First we claim that
c(L̂0) = inf

u∈C∞(M̂,R)
sup
x∈M̂

Ĥ(x, dxu). (1.1)

We begin by showing that

c(L̂0) ≤ inf
u∈C∞(M̂,R)

sup
x∈M̂

Ĥ(x, dxu).

If there exists a smooth function u : M̂ → R such that Ĥ(x, dxu) ≤ k <∞ for all x ∈ M̂ , we
need to show that c(L̂0) ≤ k. Observe that

Ĥ(x, p) = max
v∈TxM̂

{p(v)− L̂0(x, v)}.

Since Ĥ(x, dxu) ≤ k for all x ∈ M̂ , it follows that for all (x, v) ∈ TM̂

dxu(v)− L̂0(x, v) ≤ k.

Therefore, along any absolutely continuous closed curve γ : [0, T ]→ M̂ , we have

A
L̂0+k

(γ) =

∫ T

0
(L̂0(γ, γ̇) + k)dt =

∫ T

0
(L̂0(γ, γ̇) + k − dγu(γ̇))dt ≥ 0,

and thus c(L̂0) ≤ k.
We now prove the reverse inequality. For each k ∈ R, we define the action potential

Φk : M̂ × M̂ → R by

Φk(x, y) = inf{A
L̂0+k

(γ) : γ is an absolutely continuous curve from x to y}.

Triangle inequality holds straight from the definition

Φk(x1, x3) ≤ Φk(x1, x2) + Φk(x2, x3) ∀xi ∈ M̂.

When c(L̂0) ≤ k, the function Φk is locally Lipschitz. If we define a function u : M̂ → R by

u(x) = Φk(q, x),

for a fixed point q ∈ M̂ , then u is locally Lipschitz and u is differentiable almost everywhere
by Rademacher’s theorem. For a differentiable point x ∈ M̂ , take a differentiable curve γ(t)

on M̂ with (γ(0), γ̇(0)) = (x, v). Then

lim sup
t→0+

u(γ(t))− u(x)

t
≤ lim sup

t→0+

Φk(γ(0), γ(t))

t
≤ lim sup

t→0+

1

t

∫ t

0
[L̂0(γ, γ̇) + k]ds.

Hence we get
dxu(v) ≤ L̂0(x, v) + k.
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Since v ∈ TxM̂ is arbitrary, it follows that

Ĥ(x, dxu) = max
v∈TxM̂

{dxu(v)− L̂0(x, v)} ≤ k.

By a regularization process, there is a smooth function û : M̂ → R that approximates u well
enough so that H(x, dxû) ≤ k for all x ∈ M̂ . This proves the claim.

If we consider θ + du instead of du, then we obtain

c(L̂) = inf
u∈C∞(M̂,R)

sup
x∈M̂

Ĥ(x, θx + dxu).

If we choose another primitive θ′ such that dθ′ = π∗σ. Then $ = θ − θ′ determines a class
H1(M̂,R). Now we consider the all non-zero classes in H1(M̂,R). This conclude that

c(Ĥ) = inf
[$]∈H1(M̂,R)

c(L̂−$).

The followings are examples of Mañé’s critical value for coverings of manifolds. All exam-
ples will have U ≡ 0.

Example 1.5. Let (T2, g) be a 2-torus with flat metric and σ = dq1∧dq2 be its standard area
form. Consider the universal cover π : R2 → T2 with Euclidean metric. Then π∗σ = d(q1∧dq2)
is exact. In this case c = ∞. Indeed, suppose there is θ ∈ Ω1(R2) such that dθ = dq1 ∧ dq2

and ‖θ‖∞ ≤ C <∞. Then

πr2 =

∫

Dr
dθ =

∫

Cr

θ ≤ C · 2πr,

which cannot happen as r →∞.

Example 1.6. Let
(

Σg≥2, ds
2 = 1

y2
(dx2 + dy2)

)
be a genus g ≥ 2 surface with hyperbolic

metric and σ = 1
y2
dx ∧ dy be its standard area form. Now consider the universal cover

π : H2 → Γ \H2 = Σg≥2, then

1

2
|θ|2 =

1

2
y2

(
1

y2
+ 0

)
=

1

2
.

Hence we get

c = inf
θ

sup
q∈H2

1

2
|θ|2 ≤ 1

2
.

In order to show that c = 1
2 , we use the Lagrangian definition

c = inf{k : AL+k(γ) ≥ 0 for every absolutely continuous closed curve γ},

where L = 1
2 |v|2 + θ. Note that the length of any radius r-circle l(Cr) is 2π sinh r and the

area of any radius r-disk area(Dr) is 2π(cosh r − 1). Let us parametrize Cr clockwise with
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Figure 1: Geodesic flows

speed one, then

AL+k(Cr) =

(
k +

1

2

)
2π sinh r +

∫

Cr

θ

=

(
k +

1

2

)
2π sinh r − area(Dr)

= 2π

[(
k +

1

2

)
sinh r − cosh r + 1

]
.

(1.2)

If k < 1
2 , AL+k(Cr) → −∞ as r → ∞. Therefore we conclude that c(L) ≥ 1

2 . Finally let us
remark that if k = 1

2 , then

AL+ 1
2
(Cr) = 2π(1− e−r)→ 2π as r →∞.

2 Contact and virtually contact hypersurfaces

Definition 2.1. Let Σ be a closed odd-dimensional manifold. A Hamiltonian structure on Σ
is a closed 2-form ω such that kerω is 1-dimensional everywhere.

Example 2.2. Let (T ∗M,ωσ) be a twisted cotangent bundle with an autonomous Hamilto-
nian H(q, p) = 1

2 |p|2 + U(q). Then
(
Σk := H−1(k), ωσ|Σk

)
is a Hamiltonian structure.

Definition 2.3. The Hamiltonian structure is of contact type if there exists a 1-form λ such
that ω = dλ and λ(v) 6= 0 for all 0 6= v ∈ kerω.

A Hamiltonian structure is virtually contact type if on the universal covering π : Σ̃ → Σ
there exists a primitive λ of π∗ω such that

1. |λ|C0 is bounded with respect to the lift of one and hence every Riemannian metric on
the compact manifold Σ;

2. |λ(v)| ≥ C|v| for all v ∈ kerπ∗ω, where C is positive constant and the norms again are
taken with respect to the lift of a Riemannian metric on Σ.

Question 2.4. Does the Weinstein conjecture hold for (3-dimensional) virtually contact
Hamiltonian structure?
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Definition 2.5. A group Γ is said to be amenable if it has a right-invariant mean in l∞(Γ)
i.e. a bounded linear functional

m : l∞(Γ)→ R

such that

1. m(a) = a for constant functions,

2. m(a1) ≥ m(a2) if a1 ≥ a2,

3. m(ϕ∗a) = m(a), where (ϕ∗a)(ψ) := a(ψ ◦ ϕ).

Example 2.6. All abelian, nilpotent, and solvable groups are amenable. A group containing
a free subgroup of at least 2 generators and the fundamental group of a negatively curved
manifold are non-amenable.

Proposition 2.7. If (Σ, ω) is virtually contact and π1(Σ) is amenable, then (Σ, ω) is of
contact type.

Proof. Let π : Σ̃→ Σ be the universal cover and λ ∈ Ω1(Σ̃) be a primitive of π∗ω satisfying
the virtually contact assumption. Consider a function a : Γ = π1(Σ)→ R defined by

a(x,v)(ϕ) = λϕ(x)(dϕ(v)),

for x ∈ Σ̃ and v ∈ TxΣ̃. Since ϕ acts by isometries and |λ|C0 is bounded,

|a(x,v)(ϕ)| = |λϕ(x)(dϕ(v))| ≤ |λ|C0 |dϕ(v)| = |λ|C0 |v|.

This implies that a(x,v) ∈ l∞(Γ). Hence we can set

λ′x(v) := m(a(x,v)).

For ψ ∈ Γ,
ψ∗λ′x(v) = λ′ψ(x)(dψ(v)) = m(b(x,v)),

where
b(x,v)(ϕ) := λϕ(ψ(x))(dϕdψ(v)) = a(x,v)(ϕψ) = (ψ∗a(x,v))(ϕ).

Then we get
m(b(x,v)) = m(ψ∗a(x,v)) = m(a(x,v)) = λ′x(v)

which implies
ψ∗λ′x(v) = λ′x(v).

This means that λ′ is Γ-invariant so it descends to Σ. In order to verify the contact property
of λ′, choose X ∈ kerω with norm 1. Let X̃ denote a lift of X such that λ(X̃) ≥ C > 0.
Then

λ′x
(
X̃(x)

)
= m

(
ϕ 7→ λϕ(x)[dxϕ(X̃(x))]

)

= m
(
ϕ 7→ λϕ(x)[X̃(ϕ(x))]

)

≥ m(ϕ 7→ C)

= C.

(2.1)
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The linearity and continuity of m implies that λ′ is a smooth 1-form and

∫

γ
λ′ = m

(
ϕ 7→

∫

γ
ϕ∗λ

)
,

for any closed curve γ. Now we show that
∫
γ ϕ
∗λ is independent of ϕ. Since M̃ is simply

connected, there exists a smooth map F : D→ M̃ , where D is a 2-disk and the restriction of
F to ∂D is γ. Hence

∫

γ
ϕ∗λ =

∫

∂D
F ∗ϕ∗λ =

∫

D
F ∗ϕ∗dλ =

∫

D
F ∗ϕ∗π∗ω.

Since π∗ω is Γ-invariant, the last integral is independent of ϕ. Thus

∫

γ
λ′ = m

(
ϕ 7→

∫

γ
ϕ∗λ

)
= m

(
ϕ 7→

∫

γ
λ

)
=

∫

γ
λ.

This implies that λ′ − λ is an exact form. Finally we conclude that dλ′ = π∗ω.

Remark 2.8. If M is a covering of M̂ , then c(H) ≤ c(Ĥ). A very similar argument shows
that if the deck transformation group of this covering is amenable, then c(H) = c(Ĥ).

Remark 2.9. By using a similar argument we conclude the following. If 0 6= [σ] ∈ H2(M,R),
σ|π2(M) = 0, and π1(M) is amenable, then

c = inf
θ

dθ=σ̃

sup
q∈M̃

1

2
|θq|2 =∞.

Lemma 2.10. If k > c, then Σk is virtually contact.

Proof. For simplicity, let us assume that U ≡ 0. If k > c, we may choose ε > 0 and a
primitive θ of π∗σ such that

ε+ |θq| ≤
√

2k

for all q ∈ M̃ . Let λ = pdq be the Liouville form on M̃ . Then we may write ω̃ = d(λ+ τ̃∗θ),

where τ̃ : T ∗M̃ → M̃ . Since X
H̃

=
(
∂H̃
∂p , ∗

)
, on Σ̃k we have

(λ+ τ̃∗θ)(X
H̃

) = |p|2 + θq(H̃p)

= 2k + θq(H̃p)

≥ 2k − |θq|
√

2k

≥
√

2k(
√

2k − |θq|)
≥ ε2.

(2.2)

Note also that |λ+ τ̃∗θ|C0 <∞ on Σk.
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3 The exact case

Now suppose that σ is exact on M . Let us define the strict critical value

c0 = inf
θ

dθ=σ

max
q∈M

Ĥ(q, θq).

We note that c0 = c(L̂) = c(Ĥ), where L̂, Ĥ are the lifts of L,H to the abelian cover M̂ . A

covering M̂ is called an abelian cover if π1(M̂) is the kernel of the Hurewicz homomorphism
π1(M)→ H1(M,Z).

Lemma 3.1. If k > c0, then Σk is of (restricted) contact type.

Proof. Same as the proof of Lemma 2.10.

Theorem 3.2. The hypersurface Σc0 is not of contact type if M 6= T2. For M = T2, Σc0 is
not of restricted contact type, but there are example on T2 for which Σc0 is of contact type.

Theorem 3.3. If M 6= T2 and c < k ≤ c0, then Σk is never of contact type. So (c, c0] is
virtually contact but not contact.

Question 3.4. For e0 < k ≤ c0, is it true that Σk is never contact, where e0 = inf{k :
τ(Σk) = M}? This is open even if we assume that Σk is displaceable.

Definition 3.5. Mather’s α-function is the convex superlinear function α : H1(M,R) → R
defined by

α([$]) = c(L−$),

where L(x, v) = 1
2 |v|2 + θx(v).

Clearly c0 = inf [$]∈H1(M,R) α([$]).

Theorem 3.6 (Mather, Mañé). Mather’s α-function satisfies

α([$]) = − min
µ∈M(L)

∫

TM
(L−$)dµ,

where M(L) is the set of Borel probability measures on TM invariant under the Euler-
Lagrange flow of L.

Proof. It suffices to check that

c(L) = − min
µ∈M(L)

∫

TM
L dµ.

Let µ ∈M(L) be ergodic. Let (q, v) ∈ TM be such that

lim
T→∞

1

T

∫ T

0
L(ft(q, v))dt =

∫

TM
L dµ,

where ft(γ(t), γ̇(t)) is the Lagrangian flow on TM which is the solution of the Euler-Lagrange
equation with γ(0) = q and γ̇(0) = v. Let B > 0 be such that

|L(q, v)| < B if |v| ≤ 2.
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For N > 0 let qN := π(fN (q, v)) and let γN : [0, d(q, qN )]→M be a geodesic joining qN to q.
Let xN : [0, N ] → M be defined by xN (t) = π(ft(q, v)). Then ft(q, v) = (xN (t), ẋN (t)). For
k ∈ R, we have that

AL+k(γN ) =

∫ d(q,qN )

0
[L(γN (t), γ̇N (t)) + k]dt ≤ (B + k)diam(M),

lim
N→∞

1

N
AL+k(xN ∗ γN ) = lim

N→∞
1

N
AL+k(xN ) + 0 = AL+k(µ) = AL(µ) + k.

If k < −AL(µ), then
Φk(q, q) ≤ lim

N
AL+k(xN ∗ γN ) = −∞.

Hence k ≤ c(L). Therefore

c(L) ≥ sup{−AL(µ) |µ ∈Merg(L)}
≥ −min{AL(µ) |µ ∈M(L)}. (3.1)

Now let k < c(L) and q, q′ ∈ M . Then Φk(q, q
′) = −∞ and there exists a sequence of

absolutely continuous curves xn : [0, Tn]→M such that

lim
n→∞

AL+k(xn) = −∞.

Since L is bounded from below, we have that

lim
n→∞

Tn = +∞.

Let yn : [0, Tn]→ M be a minimizer of the action among the absolutely continuous curves q
to q′ with time Tn. Then (yn(t), ẏn(t)) is a segment of ft ; note that |ẏ| is uniformly bounded
in n. Let νn be the probability measure defined by

∫

TM
h dνn =

1

Tn

∫ Tn

0
h(yn(t), ẏn(t))dt

=
1

Tn

∫ Tn

0
h(ft(yn(0), ẏn(0)))dt,

(3.2)

for all h : TM → R continuous. There exists a subsequence νni which converges weakly to a
probability measure µ. Since limn→∞ Tn = +∞, µ is invariant under the flow ft. Since |ẏ| is
bounded we have that

lim
ni

1

Tni
AL+k(yni) = AL+k(µ) = AL(µ) + k.

Since limnAL+k(yn) = Φk(q, q
′) = −∞ and Tn > 0 for all n, it follows that AL(µ) + k ≤ 0.

Thus for any k < c(L) we have found an invariant measure µ such that k ≤ −AL(µ). Therefore

c(L) ≤ sup{−AL(µ) |µ ∈M(L)}
≤ −min{AL(µ) |µ ∈M(L)}. (3.3)
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Definition 3.7. Mather’s β-function β : H1(M,R)→ R is defined by

β(γ) = max
[$]∈H1(M,R)

{〈[$], γ〉 − α([$])}

= inf
ρ(µ)=γ

∫

TM
L dµ,

(3.4)

where ρ(µ) ∈ H1(M,R) is uniquely determined by the condition

〈[$], ρ(µ)〉 =

∫

TM
$ dµ,

for all closed 1-forms on M . In the integral on the right-hand side $ is considered as a
function $ : TM → R. A minimizing measure is a measure achieving the infimum of Mather’s
β-function, i.e.

β(ρ(µ)) =

∫

TM
L dµ.

Note that
β(0) = max

[$]∈H1(M,R)
{0− α([$])}

= − min
[$]∈H1(M,R)

α([$])

= −c0.

(3.5)

Theorem 3.8 (Dias Carneiro [5]). If µ is a minimizing measure, then

supp(µ) ⊂ E−1(c0).

Lemma 3.9. Let Θ = L ∗(Θcan), where L : TM → T ∗M is the Legendre transform and XE

is the Euler-Lagrange vector field, then

(L+ k)|E−1(k) = Θ(XE)|E−1(k).

Proof. Since the projection of XE(x, v) to M is v, we get

Θcan(L∗(XE(x, v))) = L (x, v)(dπT ∗M (L∗(XE(x, v))))

=
∂L

∂v
(x, v)v

= L(x, v) + E(x, v)

= L(x, v) + k,

(3.6)

on E−1(k).

Proof of Theorem 3.2. Suppose that Σc0 is contact i.e. there exists a 1-form α on E−1(c0)
such that dΘ = dα and α(XE) > 0. Then Θ = α+ϕ, where ϕ is a closed 1-form on E−1(c0).
Note that each fiber of τ : E−1(c0) → Mn is Sn−1. If M 6= T2, then the Euler class of the
sphere bundle τ : E−1(c0)→M is non-zero, and thus looking at the Gysin sequence of the τ
one sees that the map

τ∗ : H1(M,R)→ H1(E−1(c0),R)
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is an isomorphism. Now we set
ϕ = τ∗$ + dF,

where $ ∈ Ω1(M), F : E−1(c0)→ R. By applying XE to both sides we get

Θ(XE) = α(XE) + τ∗$(XE) + dF (XE).

Let µ be a minimizing measure, then
∫

TM
Θ(XE)dµ =

∫

TM
α(XE)dµ+

∫

TM
τ∗$(XE)dµ+

∫

TM
dF (XE)dµ

> 0 +

∫

TM
$dµ+

∫

TM
dF (XE)dµ

= ρ(µ)([$])︸ ︷︷ ︸
=0

+

∫

TM
dF (XE)dµ

︸ ︷︷ ︸
=0

.

(3.7)

This is a contradiction, since by Lemma 3.9 one has
∫

TM
Θ(XE)dµ =

∫

TM
(L+ c0)dµ = 0,

The latter equality holding as µ is assumed to be minimizing.

Theorem 3.10 (McDuff-Sullivan criterion for contact type). Let (Σ, ω = dα) be an exact
Hamiltonian structure. Then Σ is contact if and only if

∫
TM α(X)dµ 6= 0 for every invariant

measure µ with zero homology and for every non-zero vector field X ∈ kerω.

Example 3.11. Consider T2 with its standard flat metric. Fix a vector field Z on T2 with
a closed contractible orbit γ such that |γ̇| = 1. Let ψ : T2 → R be a C∞-function such that
ψ ≥ 0 and ψ(x) = 0 if and only if x ∈ γ. Let us define

θx(v) := 〈v, Z(x)〉, ϕ(x) := |Z(x)|2 + 2ψ(x) > 0,

and

L(x, v) =
1

2
ϕ(x)|v|2 − θx(v).

Then we get

L+
1

2
=

1

2
ϕ(x)

∣∣∣∣v −
Z(x)

ϕ(x)

∣∣∣∣
2

+
ψ(x)

ϕ(x)
≥ 0

and L+ 1
2 = 0 if and only if x ∈ γ and v ∈ Z(x). Hence we conclude that γ is an orbit of the

Euler-Lagrange flow and c(L) = c0(L) = 1
2 .

We claim that the E−1(1
2) is of contact type. By virtue of Theorem 3.10 and Lemma 3.9,

it suffices to show that for any probability measure µ supported in E−1(1
2) and with homology

S(µ) = 0 in E−1(1
2), we have ∫

TM
(L+

1

2
)dµ > 0.

Here S(µ) ∈ H1(E−1(1
2),R) is given by

〈[ϕ], S(µ)〉 =

∫

TM
ϕ(X)dµ
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for any [ϕ] ∈ H1(E−1(1
2),R), where X is the Euler-Lagrange field restricted to E−1(1

2).
Suppose there exists such a µ for which

∫

TM
(L+

1

2
)dµ = 0.

Then µ has to be supported on t 7→ (γ(t), γ̇(t)). But the curve t 7→ (γ(t), γ̇(t)) is not
homologous to zero in E−1(1

2). Therefore there is no µ with S(µ) = 0 for which
∫
TM (L +

1
2)dµ = 0, so the energy level E−1(1

2) is of contact type.

Question 3.12. What is the Rabinowitz Floer homology RFH
(
E−1(1

2), TT2
)

and the sym-
plectic homology SH

(
E−1(1

2), TT2
)
? Are they nonzero?

Example 3.13. Let (M, g) be a Riemannian manifold and fix a vector field X on M . The
associated Mañé Lagrangian L : TM → R is defined by

L(x, v) =
1

2
|v −X(x)|2x ≥ 0.

Note that L(x, v) = 0 if and only if v = X(x).
Thus c(L) = 0 and

∫
TM L dµ = 0 for minimizing measure µ. This implies that τ∗µ is X-

invariant measure. Moreover, if X has invariant measure with zero homology, then c(L) =
c0(L) = 0.

Definition 3.14. A cross section for a vector field X is a closed codimension 1 submanifold
which at every point is transversal to X and cuts every orbit of X.

Theorem 3.15 (Schwartzman [10]). A vector field X has a measure with zero homology if
and only if X admits no cross section.

Definition 3.16. A Hamiltonian structure (Σ, ω) is said to be stable if there exists a 1-form
λ on Σ such that

1. λ(v) 6= 0, for all 0 6= v ∈ kerω;

2. kerω ⊂ ker(dλ).

Note that the contact property implies the virtually contact and the stable property.

Theorem 3.17 (Wadsley [12]). A Hamiltonian structure (Σ, ω) is stable if and only if its
characteristic foliation is geodesible, i.e. there exists a Riemannian metric such that all leaves
are geodesics.

Theorem 3.18. Assume X does not vanish anywhere and that X admits no cross section.
Let L denote the associated Mañé Lagrangian. Then if X is not geodesible then the energy
level Σc0 is not stable.

Proof. Since X is nowhere vanishing and admits no cross section, c0(L) = 0 and Σc0 is a
regular hypersurface. Note that the dynamics of X sit inside the dynamics of the hypersur-
face. If Σc0 is stable then by Theorem 3.17 Σc0 is geodesible, and hence so is X. This is a
contradiction.
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Example 3.19. (Gap [c, c0]) Let M be a closed manifold and Ω be a non-zero closed 2-form
with bounded primitive in the universal covering. Consider a S1-fiber bundle p : P →M and
a 1-form ψ such that p∗Ω = −dψ. Choose a metric h on M and define a metric gε on P

gε(u, v) =
1

ε
h(dp(u), dp(v)) + ψ(u)ψ(v),

and a Lagrangian L : TP → R

L(x, v) =
1

2
|v|2ε − ψx(v).

Claim : c0 = 1
2 and c→ 0 as ε→ 0.

By the Gysin sequence, we get an isomorphism

p∗ : H1(M,R)→ H1(P,R).

Let V be the vector field dual to ψ using gε. The orbits of V are circles of length 2π homologous
to zero. Let γ : [0, 2π]→ P be an integral curve of V . Then

AL+k(γ) =
1

2

∫ 2π

0
1−

∫

γ
ψ + 2πk

= 2πk + π − 2π

= 2π

(
k − 1

2

)
.

(3.8)

Since 1
2 |ψ|2ε = 1

2 , the strict Mañé critical value c0 equals to 1
2 . Note that γ is homologous to

zero, but not homotopic to zero. Now consider the universal covering π : M̃ → M , and the
following commutative diagram

π∗P

p̂
��

π̂ // P

p

��
M̃

π // M

Let θ denote a primitive of π∗Ω with ‖θ‖C0 . Then

d(p̂∗θ) = p̂∗dθ = p̂∗π∗Ω = π̂∗p∗Ω = −π̂∗dψ.

By definition of c,

c ≤ sup
x∈π∗P

1

2
|(p̂∗θ)x|2ε = sup

x∈M̃

ε

2
|θx|2 =

ε

2
|θ|2C0 → 0

as ε→ 0.

Example 3.20. Let us consider S2 = {(x, y, z) ∈ R3 |x2 + y2 + z2 = 1} endowed with the
round metric g. We use spherical coordinates (r, φ) where r is the distance from the North
pole and φ measures the rotation degree with respect to the z-axis. Let θ be a 1-form dual
to the Killing vector field. Now consider the following Lagrangian with real parameter λ

Lλ =
1

2
(ṙ2 + sin2 rφ̇2)− λ sin2 r φ̇.
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Since we work with speed 1, i.e. energy 1
2 , we conclude

1

2
|θ|2 =

sin2 r

2
≤ 1

2

which implies that c = c0 ≤ 1
2 . Now recall the Euler-Lagrange equations for L: d

dt
∂L
∂q̇ = ∂L

∂q .
In our case we have 




∂ṙLλ = ṙ

∂φ̇Lλ = sin2 rφ̇− λ sin2 r

∂rLλ = sin r cos rφ̇2 − 2λ sin r cos rφ̇
∂φLλ = 0.

(3.9)

Hence we obtain for a constant C{
sin2 r(φ̇− λ) = C

r̈ = sin r cos rφ̇(φ̇− 2λ).
(3.10)

For simplicity we look at parallels only, i.e. curves γ of the form γ(t) = (r0, φ̇0t) for some
r0, φ̇0. A parallel is an orbit when

r0 =
π

2
, φ̇0 = ±1.

This gives the two orbits γ±.
We compute

ALλ+ 1
2
(γ+) = 2π(1− λ), ALλ+ 1

2
(γ−) = 2π(1 + λ),

and the sign changes at λ = 1. This implies that c(L1) = c0(L1) = 1
2 . The only Mather

minimizing measure is carried by γ+. For L1, Σk is contact for k > 1
2 and not contact for

k ≤ 1
2 .

Question 3.21. For λ = 1, is Σ1/2 stable?

Question 3.22. Can Σc be virtually contact for a surface of higher genus?

4 Holonomic measures

Let C0
l be the set of continuous functions which have at most linear growth, i.e.,

C0
l =

{
f : TM → R

∣∣∣∣∣ sup
(x,v)∈TM

f(x, v)

1 + |v| < +∞
}
,

and let Ml denote the set of probability measures on the Borel σ-algebra of TM such that∫
TM |v|dµ <∞, equipped with the topology given by:

lim
n
µn = µ ⇐⇒

∫

TM
fdµn =

∫

TM
fdµ ∀f ∈ C0

l .

Note that the above topology on Ml is metrizable and is called the weak-? topology. We will
consider a certain subset C ⊆ Ml of probability measures, defined as follows. If γ : [0, T ]→M
is a closed absolutely continuous curve, let µγ be such that

∫

TM
f(x, v)dµγ =

1

T

∫ T

0
f(γ(t), γ̇(t))dt ∀f ∈ C0

l .

Since γ is absolutely continuous,
∫ T

0 |γ̇(t)|dt < +∞. This implies that µγ ∈Ml.
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Definition 4.1. We set

C = {µγ ∈Ml | γ is an absolutely continuous curve}.

We call the closure C ⊆ Ml of C, the set of holonomic measures on M .

Remark 4.2. 1. C is convex.

2. LetM(L) be the set of all probability measures which are invariant with respect to the
Euler-Lagrange flow of L and have compact support. Then M(L) ⊂ C.

Let C0 := {µγ : γ is contractible}. Note that C0 ⊂ C ⊂ Ml. We call the closure H := C0

of C0, the set of holonomic measures with zero homology. Note that

c = − inf
µγ∈C0

AL(µγ).

It is known that for a given µ ∈ H there exists µγn ∈ C0 such that µγn → µ and such that
lim
∫
TM Ldµγn =

∫
TM Ldµ. This is not obvious since L is not of linear growth. Thus we get

c = − inf
µγ∈H

AL(µγ).

Proposition 4.3. Suppose µ ∈ H is such that c = −AL(µ). Then
∫

TM
Edµ = c,

where E(x, v) = Lv(x, v) · v − L(x, v).

Proof. Consider the family {µλ} ⊆ H of measures defined by
∫

TM
f(x, v)dµλ =

∫

TM
f(x, λv)dµ ∀f ∈ C0

l .

We further define φ : R→ R by

φ(λ) =

∫

TM
L(x, λv)dµ.

Since µ ∈ H is a minimizing measure, we have φ′(1) = 0. By definition of φ,

φ′(1) =

∫

TM

∂L

∂v
(x, v)[v]dµ =

∫

TM
(E + L)dµ =

∫

TM
Edµ− c

which implies that
∫
TM Edµ = c.

Theorem 4.4. Let M be a closed manifold with dimM ≥ 3 and L : TM → R be a Tonelli
Lagrangian. Then E−1(c) is not virtually contact.

Proof. Assume that E−1(c) is virtually contact and c is a regular value of E. Recall that

(L+ k)|E−1(k) = Θ(XE)|E−1(k),

where Θ = L ∗λ, L : TM → T ∗M is the Legendre transform and λ = pdq. Let π : M̃ →M
be the universal covering. Since dimM ≥ 3, Ẽ−1(c)→ M̃ is a sphere fibration over a simply
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connected manifold with simply connected fibers. Thus Ẽ−1(c) is simply connected and hence

Ẽ−1(c) = Ẽ−1(c). Then we get

Ẽ−1(c)

��

� � //
TM̃

��
E−1(c)

� � // TM,

Sn−1 // E−1(c)

��
M.

By definition of virtually contact, there exists a smooth 1-form α on Ẽ−1(c) such that dα = dΘ
and such that α satisfies

1. |α|C0 <∞;

2. α(X
Ẽ

) ≥ ε for some ε > 0.

Since π1(Ẽ−1(0)) = 0, there exists a smooth function f : Ẽ−1(0) → R such that α = Θ + df
on Ẽ−1(0). Consider a tubular neighborhood ρ : E−1(c − δ, c + δ) → E−1(c) where δ > 0
is chosen sufficiently small so that, if ρ̃ : Ẽ−1(c − δ, c + δ) → Ẽ−1(c) denotes the lift of ρ to
Ẽ−1(c) then :

1. |Θ(X
Ẽ

)(x, v)−Θ(X
Ẽ

)(ρ̃(x, v))| < ε
4 ∀ (x, v) ∈ Ẽ−1(c− δ, c+ δ);

2. |dfρ̃(x,v)[dρ̃(X
Ẽ

(x, v))]− dfρ̃(x,v)[XẼ
(ρ(x, v))]| < ε

4 ∀ (x, v) ∈ Ẽ−1(c− δ, c+ δ).

By using this condition, we get the following estimate

(Θ + df ◦ dρ̃)(X
Ẽ

)(x, v) ≥Θ(X
Ẽ

)(ρ̃(x, v))− |Θ(X
Ẽ

)(x, v)−Θ(X
Ẽ

)(ρ̃(x, v))|
+ df ◦ dρ̃(X

Ẽ
)(x, v)

=(α− df)(X
Ẽ

)(ρ̃(x, v))− |Θ(X
Ẽ

)(x, v)−Θ(X
Ẽ

)(ρ̃(x, v))|
+ df ◦ dρ̃(X

Ẽ
)(x, v)

≥α(X
Ẽ

)(ρ̃(x, v))− |Θ(X
Ẽ

)(x, v)−Θ(X
Ẽ

)(ρ̃(x, v))|
− |df ◦ dρ̃(X

Ẽ
)(x, v)− df(X

Ẽ
)(ρ̃(x, v))|

≥ε− ε

4
− ε

4
=
ε

2
,

(4.1)

for all (x, v) ∈ Ẽ−1(c− δ, c+ δ).
Since c = − infγ∈C0 AL(µγ), we can choose a sequence (γn, Tn) such that

AL(µγn)→ −c, 0 ≤ 1

Tn
AL+c(γn)→ 0 as n→∞,

where γn are closed contractible orbits with energy kn.
Claim : kn → c.
First we show that the kn are uniformly bounded. Since L is super-linear, there exists

D ∈ R such that
L(x, v) ≥ |v|+D, ∀ (x, v) ∈ TM,

which implies
1

Tn
AL+c(γn) ≥ 1

Tn

∫ Tn

0
|γ̇n|dt+D + c.
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The mean-value theorem in [0, Tn] tells us that there exist tn0 ∈ [0, Tn] such that

|γ̇n(tn0 )|+D + c ≤ 1

Tn
AL+c(γn)→ 0.

Thus we conclude that kn = E(γn(tn0 ), γ̇n(tn0 )) is uniformly bounded, and they converge
kn → k∞. Let µ denote a weak limit of the µγn . Then the following holds:

1. µ ∈ H, where H is the set of holonomic measures with zero homology;

2. supp(µ) ⊂ E−1(k∞);

3. AL(µ) = −c.
By Proposition 4.3, we conclude that c = k∞. For n large enough, the closed orbits Γ̃n =
(γ̃n(t), ˜̇γn(t)) in TM̃ are actually contained in Ẽ−1(c− δ, c+ δ). Then we get

1

Tn
AL+c(γn) =

1

Tn
AL+kn(γn) + (c− kn)

=
1

Tn

∫

Γ̃n

Θ + (c− kn)

≥ ε

2
+ (c− kn)→ ε

2
,

(4.2)

which contradicts the fact that

1

Tn
AL+c(γn)→ 0 as n→∞.

5 Helicity

Let N be a closed oriented 3-manifold with volume form Ω. A volume preserving vector field
F is said to be exact if the closed 2-form ιFΩ is exact. Given a volume preserving exact vector
field F , the helicity H(F ) is defined by

H(F ) =

∫

N
τ ∧ dτ =

∫

N
τ(F )Ω,

where τ is any primitive 1-form of ιFΩ. One can check that the helicity is well-defined by using
the Stokes’ theorem. Note that (N, ιFΩ) is an exact Hamiltonian structure. If H(F ) = 0,
then the Hamiltonian structure is not contact. This can be shown by applying Theorem 3.10.

Let M be a closed oriented surface of genus ≥ 2 with Riemannian metric g. The unit
circle bundle SM determined by g is a closed 3-manifold with volume form Ω = α∧dα, where
α is the contact 1-form of the geodesic flow of g. Let X denote the geodesic vector field of
g, V be the infinitesimal generator of the circle action on the fibers of SM , and H = [X,V ].
Then {X,H, V } forms a frame on SM . A basic result in 2-dimensional Riemannian geometry
tells us that the coframe {α, γ, ψ} of {X,H, V }, satisfies Cartan’s structure equation





dα = ψ ∧ γ
dγ = −ψ ∧ α
dψ = −Kα ∧ γ,

(5.1)
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where K : M → R is the Gaussian curvature. Given a 2-form σ on M , we may write σ = fσg,
where σg is the area form of g and f : M → R. Let us consider the vector field F = X + fV .
Then we obtain

ιFΩ = ιX+fV (α ∧ dα)

= dα+ fιv(α ∧ dα)

= dα+ f(−α ∧ ιV dα)

= dα+ f(−α ∧ γ)

= dα− fπ∗σg
= dα− π∗σ,

(5.2)

where π : SM → M is the canonical foot-point projection. Since H2(M,R) = R, we can set
σ = −aKσg + dβ on M to obtain

π∗σ = −aKπ∗σg + dπ∗β

= −aKα ∧ γ + dπ∗β

= adψ + dπ∗β

= d(aψ + π∗β).

(5.3)

Hence we conclude that F is a volume preserving exact vector field satisfying

ιFΩ = dτ, τ = α− aψ − π∗β,

τ(F )(x, v) = 1− af(x)− βx(v).

The helicity is computed as follows

H(F ) =

∫

N
τ(F )Ω

= 2πA− 2πa[σ]

= 2πA+
[σ]2

χ
,

(5.4)

where A is the area of M with respect to the metric g and [σ] = −a
∫
M Kσg = −2πaχ.

Let us consider the scaling σ 7→ sσ, then by the argument above we obtain a primitive
τs := α− asψ − sπ∗β of ιFsΩ such that

τs(Fs)(x, v) = 1− as2f(x)− sβx(v).

There is a unique positive value of s for which H(Fs) = 0 which is given by

s2
h :=

−2πχA

[σ]2
.

Theorem 5.1 (Paternain [9]). For an arbitrary pair (g, σ) on a closed surface of genus ≥ 2
with [σ] 6= 0, we have sc ≤ sh with equality if and only if g has constant Gaussian curvature
and σ is a constant multiple of the area form of g, where sc := 1/

√
2c.
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