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Motivation & Background 
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Neutral Kaon System 

• Flavor eigenstates   
𝐾0 = 𝑠 𝑑 , 𝐾 0 = (𝑠𝑑 ) 

 

• CP eigenstates   
𝐾±  =  𝐾0 ± 𝐾 0 / 2, 𝐶𝑃 𝐾± =  ± 𝐾±  

 

• Hamiltonian eigenstates 

𝐾𝑆 =
𝐾+ + 𝜖 𝐾−

1 + 𝜖 2
, 𝐾𝐿 =

𝐾− + 𝜖 𝐾+

1 + 𝜖 2
, 𝜖  ≃ 𝑂 10−3  

 

• Preferable decays to pion states 
𝐾𝑆 → 2𝜋 via 𝐾+, 𝐶𝑃 even  

𝐾𝐿 → 3𝜋 via 𝐾−, 𝐶𝑃 odd   
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Direct / Indirect CP Violation 

• CP violating 𝑲𝑳 → 𝝅𝝅 can occur in two ways 
 

  𝑲−(CP odd ) → 𝝅𝝅(CP even) : Direct CPV 

𝜖′ =
1

2

𝐴 𝐾𝐿 → 𝜋𝜋 2

𝐴 𝐾𝑆 → 𝜋𝜋 2
− 𝜖

𝐴 𝐾𝑆 → 𝜋𝜋 2

𝐴 𝐾𝑆 → 𝜋𝜋 0
 

 

𝝐 𝑲+(CP even) → 𝝅𝝅(CP even) : Indirect CPV 

𝜖 =
𝐴 𝐾𝐿 → 𝜋𝜋 0

𝐴 𝐾𝑆 → 𝜋𝜋 0
 

    𝐾𝐿 can have small CP even component via 𝐾0 − 𝐾 0 mixing 
 

Direct CPV : 𝜖′ 

Indirect CPV : 𝜖 

𝜋𝜋 

𝜋𝜋 

𝐾𝐿  ∼  𝐾−  +  𝜖 𝐾+  
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𝑲𝟎 − 𝑲 𝟎 Mixing in the SM 

• Arises from the Δ𝑆 = 2, 𝑠𝑑 → 𝑠 𝑑 FCNC 

• Responsible for indirect CPV & ΔMK ≡ 𝑀𝐾𝐿
− 𝑀𝐾𝑆

 

• Dominated by the following box diagrams 
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𝑲𝟎 − 𝑲 𝟎 Mixing in the SM 

• Integrating out 𝑊, the box diagram can be replaced 
by the local, four-quark operator 

 

𝐻eff
ΔS=2 =

𝐺𝐹
2𝑀𝑊

2

16𝜋2
𝐹0𝑄1 + ℎ. 𝑐. , 

 

 𝑄1 = s 𝛾𝜇 1 − 𝛾5 𝑑 𝑠 𝛾𝜇 1 − 𝛾5 𝑑  

 

𝝁 ≪ 𝑴𝑾 
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Kaon Bag Parameter - 𝑩𝑲 

• In the SM, indirect CPV can be predicted as follows 

𝜖𝐾 ~ known factors × 𝑉𝐶𝐾𝑀 × 𝐵 𝐾 

• 𝐵 𝐾 is the RG invariant form of 𝐵𝐾 

𝐵𝐾 =
𝐾 0 s 𝛾𝜇 1 − 𝛾5 𝑑 𝑠 𝛾𝜇 1 − 𝛾5 𝑑 𝐾0

8
3

𝐾 0 𝑠 𝛾𝜇𝛾5𝑑 0 0 𝑠 𝛾𝜇𝛾5𝑑 𝐾0
 

   𝐵 𝐾 = 𝐶 𝜇 𝐵𝐾 𝜇   

• 𝐵 𝐾 contains all the non-perturbative QCD 

contributions for 𝝐𝑲,  

can be calculated from lattice simulations 
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Experiment  vs  SM Prediction on 𝝐𝑲 

• There are two methods(exclusive, inclusive) to 
determine 𝑉𝑐𝑏, whose results do not agree each other 

• SM prediction of 𝜖𝐾 deviates from the experimental 
value about 3𝜎 for exclusive 𝑉𝑐𝑏 

( Y. Jang & W. Lee, 2012 ) 
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BSM Contribution to 𝑲𝟎 − 𝑲 𝟎 Mixing  

• In the Standard Model, only the “left-left” form contribute 
to the 𝑲𝟎 − 𝑲 𝟎 mixing box diagram 

𝐾 0 s 𝛾𝜇 1 − 𝛾5 𝑑 𝑠 𝛾𝜇 1 − 𝛾5 𝑑 𝐾0  

• Considering BSM physics, integrating out heavy particles 
(e.g. squarks & gnuinos in supersymmetric models)  
leads to new operators w/ Dirac structures other than 
“left-left” 

ℎ, 𝑘, 𝑙, 𝑚 ∈ {𝐿, 𝑅} 
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BSM Operators 

• Considering BSM, generic effective Hamiltonian is 

    𝑄2 = 𝑠 𝑎 1 − 𝛾5 𝑑𝑎 𝑠 𝑏 1 − 𝛾5 𝑑𝑏  

    𝑄3 = 𝑠 𝑎𝜎𝜇𝜈 1 − 𝛾5 𝑑𝑎 𝑠 𝑏𝜎𝜇𝜈 1 − 𝛾5 𝑑𝑏  

    𝑄4 = 𝑠 𝑎 1 − 𝛾5 𝑑𝑎 𝑠 𝑏 1 + 𝛾5 𝑑𝑏  

    𝑄5 = 𝑠 𝑎𝛾𝜇 1 − 𝛾5 𝑑𝑎 𝑠 𝑏𝛾𝜇 1 + 𝛾5 𝑑𝑏  

• New Δ𝑆 = 2 four-fermion operators give additional 
contributions to Kaon mixing elements 

• Since they are constrained by experimental results, 
calculating corresponding hadronic matrix elements 

𝑲 𝟎 𝑸𝒊 𝑲𝟎  

can impose strong constraints on BSM physics 

 

𝐻eff
ΔS=2 =  𝐶𝑖  𝑄𝑖

5

𝑖=1
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BSM B-parameters 

• B-parameters 

        

 

 

 

 

– In lattice calculation, forming dimensionless ratio 
reduces statistical and systematic error 

– Chiral perturbation expression is simpler 

– Denominator dose not vanish in chiral limit (unlike 𝐵𝐾) 

𝐾 0 𝑠 𝛾5𝑑 0 0 𝑠 𝛾5𝑑 𝐾0 = −
𝑓𝐾𝑀𝐾

2

𝑚𝑑 + 𝑚𝑠

2

 

 𝑄2 = 𝑠 𝑎 1 − 𝛾5 𝑑𝑎 𝑠 𝑏 1 − 𝛾5 𝑑𝑏    

 𝑄3 = 𝑠 𝑎𝜎𝜇𝜈 1 − 𝛾5 𝑑𝑎 𝑠 𝑏𝜎𝜇𝜈 1 − 𝛾5 𝑑𝑏  

 𝑄4 = 𝑠 𝑎 1 − 𝛾5 𝑑𝑎 𝑠 𝑏 1 + 𝛾5 𝑑𝑏  

 𝑄5 = 𝑠 𝑎𝛾𝜇 1 − 𝛾5 𝑑𝑎 𝑠 𝑏𝛾𝜇 1 + 𝛾5 𝑑𝑏  

 𝑁2, 𝑁3, 𝑁4, 𝑁5 = (5/3, 4, −2, 4/3) 

𝐵𝑖 =
𝐾 0 𝑄𝑖 𝐾0

𝑁𝑖 𝐾 0 𝑠 𝛾5𝑑 0 0 𝑠 𝛾5𝑑 𝐾0
  

12/34 



Lattice QCD 
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Lattice QCD 

• Non-perturbative approach 

to solving QCD 

• Formulation of QCD on 

discretized Euclidean  

space-time 

– Hypercubic lattice 

– Lattice spacing “a” 

– Quark fields placed on sites 

– Gauge fields on the links 
between sites : 𝑈𝜇 
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Lattice QCD 

• Use numerical method (Montecarlo simulation) to 
calculate integral 

 

• “Lattice action” is needed to simulate in discretized 
space-time 

 

• We use “Staggered fermion” for the lattice fermion 

– The fastest lattice fermion action 

– Suffered from “taste symmetry breaking” but manageable 
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Lattice QCD 

• Expectation value 

 

 

 

 

 

 
 

• Integrating over the 𝑞 and 𝑞  gives determinant of 

Dirac operator and quark propagators, 𝐷 𝑈 + 𝑚𝑓
−1

 

• Generate random samples (gauge links) according to 
the probability distribution allows us to integrate 
using Montecarlo method 
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Lattice QCD 

• Expectation value 

 

 

 

 

 

 
 

• Integrating over the 𝑞 and 𝑞  gives determinant of 

Dirac operator and quark propagators, 𝐷 𝑈 + 𝑚𝑓
−1

 

• Generate random samples (gauge links) according to 
the probability distribution allows us to integrate 
using Montecarlo method 

𝑓(𝑋) =  𝑑𝑥 𝑓 𝑥 𝑝𝑋 𝑥  
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Data Analysis 
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Physical Results from Unphysical Simulations 

• Chiral extrapolation 

– In the lattice simulation, the smaller quark mass requires 
the exponentially larger computational cost 

Use light quark masses larger than physical d-quark 
mass and extrapolate to the physical down quark 
mass using (staggered) chiral perturbation theory 

– Tuning the strange quark mass to precise physical quark 
mass is not practical 

Extrapolate to physical strange quark mass 

• Continuum extrapolation 

– We use finite lattice spacing (𝑎 ≥ 0.45fm) 

Extrapolate to 𝑎 = 0 to obtain continuum results 
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Data Analysis Strategy 

1. Calculate raw data 

Calculate BSM B-parameters for different quark mass 
combinations, (𝑚𝑢 = 𝑚𝑑 , 𝑚𝑠)  

 

2. Chiral fitting 

X-fit : Fix strange quark mass and extrapolate to the light 
quark mass 𝑚𝑙 to give physical down quark mass 

Y-fit : Extrapolate 𝑚𝑠 to give physical strange quark mass 
 

3. RG evolution 

Obtain results at 2GeV and 3GeV from 1/a 
 

4. Continuum extrapolation 

Perform [1-3] for different lattices and extrapolate to 𝑎 = 0 
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Analysis Data 

• MILC 2+1 AsqTad lattice 

– Use u, d, s dynamical quarks 

– 𝑚𝑢 = 𝑚𝑑 ≠ 𝑚𝑠 

• Four different lattices 
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Operator Matching 

• To find continuum (NDR with MS) results  
from those regularized on the lattice,  
“operator matching” is needed 

• 𝑧𝑖𝑗 are the one-loop matching factors 
  (J. Kim, W. Lee and S. Sharpe, PhysRevD.83.094503) 

• We use matching scale 𝜇 = 1/𝑎 
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Calculation of 𝑩𝒋 

𝐵2 =
𝐾 0 𝑠 𝑎 1 − 𝛾5 𝑑𝑎 𝑠 𝑏 1 − 𝛾5 𝑑𝑏 𝐾0

(5/3) 𝐾 0 𝑠 𝛾5𝑑 0 0 𝑠 𝛾5𝑑 𝐾0
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Chiral Fitting 

• Fitting functions for X-fit 

𝐵𝑗 𝑋𝑃 = 𝑐1𝐹0 𝑗 + 𝑐2

𝑋𝑃

Λ2
+ 𝑐3

𝑋𝑃
2

Λ4
     (S𝜒PT, NNLO) 

    where 𝑋𝑃 is the squared mass of pion, Λ = 1GeV, 

𝐹0 𝑗 = 1 ±
1

32𝜋2𝑓2 𝑙 𝑋𝐼 + 𝐿𝐼 − 𝑋𝐼 𝑙 𝑋𝐼 − 2 𝑙 𝑋𝐵  

     (+ for 𝑗 = 2,3, 𝐾,   − for 𝑗 = 4,5) 
 

• Golden combinations 
– Combinations that cancel the leading chiral logarithms 

𝐵2

𝐵3
,

𝐵4

𝐵5
,  𝐵2 ⋅ 𝐵4,

𝐵2

𝐵𝐾
 

𝑅 𝑋𝑃 = 𝑐1 + 𝑐2

𝑋𝑃

Λ2 + 𝑐3

𝑋𝑃
2

Λ4      (NNLO) 

(J. Bailey, et al., Phys. Rev. D85, (2012), 074507) 
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Chiral Fitting : X-fit 
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Chiral Fitting : Y-fit 
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RG Evolution 

• Now we have B-parameter values at 𝜇 =1/a 

• To perform continuum extrapolation with different 
lattices, we need B-param. values at a common scale 

• RG running from 𝜇𝑎(1/a) to 𝜇𝑏(2GeV, 3GeV) 

𝐵𝑗 𝜇𝑏 =  
1

𝑁𝑗
𝑘

𝑊𝑅 𝜇𝑏, 𝜇𝑎 𝑗𝑘𝑁𝑘𝐵𝑘 𝜇𝑎  

• Evolution kernels satisfy the RG equation 
𝑑𝑊 𝜇𝑏 , 𝜇𝑎

𝑑 ln 𝜇𝑏
= −𝛾 𝜇𝑏 𝑊 𝜇𝑏 , 𝜇𝑎 , 𝑊 𝜇𝑎, 𝜇𝑏 = 1 

𝛾 𝜇 =
𝛼 𝜇

4𝜋
𝛾 0 +

𝛼 𝜇

4𝜋

2

𝛾 1 + ⋯ 
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Continuum Extrapolation 

• Formula 

– Bayesian fit 

  𝐵𝑗 𝑎2 = 𝑐1 + 𝑐2
𝑏 𝑎Λ 2 + 𝑐3

𝑏 𝑎Λ 2𝛼𝑠 + 𝑐4
𝑏𝛼𝑠

2 + 𝑐5
𝑏 𝑎Λ 4 

 Λ = 300GeV, 𝑐𝑖
𝑏 are constrained by 𝑐𝑖

𝑏 ≈ 0 ± 2 
 

– Linear fit  

  𝐵𝑗 𝑎2 = 𝑐1 + 𝑐2𝑎2 
 

• Results 

– Final results are obtained using linear fit without 
coarse lattice (𝑎 ≈ 0.12fm) 
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Continuum Extrapolation : Bayesian fit 

 

29/34 



Continuum Extrapolation : Linear fit 
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Results 
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BSM B-parameters at 2GeV and 3GeV 

Preliminary! 
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Summary 
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Summary 

• BSM physics leads to new Δ𝑆 = 2 four-fermion 

operators that contribute to 𝐾0 − 𝐾 0 mixing 

• Calculating corresponding hadronic matrix elements, 

𝐾 0 𝑄𝑖 𝐾0 , can impose strong constraints on BSM 

physics 

• We calculate BSM B-parameters on the lattice and 

present preliminary results 

• We are working on estimating systematic errors 
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