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Abstract

A multiple zeta values or r-fold Euler sum defined by

ζ(α1, α2, · · · , αr) =
∑

1≤n1<n2<···<nr

n−α1
1 n−α2

2 · · ·n−αr
r

with α = (α1, α2, . . . , αr) an r-tuple of positive integers and αr ≥ 2, is a natural
generalization of the classical Euler sum

Sp,q =
∞∑

k=1

1
kq

k∑
j=1

1
jp

.

It is a problem proposed by Goldbach to Euler in an attempt to evaluate Sp,q in
terms of the special values at positive integers of the Riemann zeta function defined
by

ζ(s) =
∞∑

n=1

1
ns

, Res > 1.

The shuffle product formula of two multiple zeta values then express the product
of two multiple zeta values as a linear combination of multiple zeta values with
integral coefficients.
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