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Physical backgrounds

Anomalous diffusion Iin heterogenuous media
e.g., soll

Fractional diffusion equation:
8;"14 —Au=0

One good macroscopic model for slow
diffusion



Long tail profile

C
u(c, iz £ ———llallizi, t20.
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0 < & < 1: subdiffusion
«: small & Slow diffusion

Normal-diffusion (a=1) Sub-diffusion (a=0.5)



Ccontents

Backward problems

Unique continuation: 1D case
determination of fractional orders:

8fu + r&’fu = Au

1D Inverse problem of determining order
and one coefficient

coefficient inverse problems
determination of nonlinear terms



Motivation

For parabolic or hyperbolic equations, we
have classical inverse problem:

Backward problems

Unigue continuation

coefficient inverse problems
determination of nonlinear terms

We will study such kinds of inverse problems
for fractional diffusion equations



Fractional diffusion equations

x € Q C R": bounded domalin
n—-1<a<nnéeN

N
d7u + Z ak(x)(?f"u = —Au
k=1

:=Z di(a;j(x)oju) + c(x)u, t > 0

1,j=1



tg B I'n —a) Jo dT”g .

forn—1<a<nnéeN

aij € Cl(a),c <0,€ C(E)



Characteristics of a;}u S

8;" IS with memory effect =

1. not strong smoothing property
2. Infinite propagation speed



IBVP for fractional diffusion
eguations

iIntermediate regularity between parabolic and
hyperbolic equations

e HOlder maximal regularity:
8‘t"u + Au = F(x, t)

e Maximum principle

e Nonlinear dynamical system



Glance at comprehensive project

e Mathematics

— Partial differential equation

— Fractal structure of medium

— Multiscale modelling, homogenization,....
e ENngineering:

risk management, environmental science,...
e [ndustry: many anomalous diffusions
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Study Group for Solving Industrial Problems
actual working place by industry,
mathematicians,...
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Now mathematics!



1. Backward problem

Backward problem for &« = 1 severely Iill-posed
Backward problem for &« = 2 well-posed

Backward problem fora #1, # 2 =
moderately ill-posed!



Theorem 1 () Let0 < a < 1.

8:‘14 = —Au(x,t), u|yo =0,
ulx, T) = a;(x), x € Q.

For YT > 0 and Ya,; € H*(Q) N H;(Q), there exists
a unigue solution
“u € C([0, T]; L*(€2)) N C((0, TT; H*(22) N H, ()

and [|u(-, 0|z ~ llu(, Dllg2q-
Remark:~ means both-sided estimate



() Letl < a < 2.

8:‘14 = —Au(x,t), ulygo =0
Then AC > 0 such that

ll2(:, 0)llz2() + [19:u(:, 0)l|r2()
<C(lluC, Dl + lI9eu(:, Dllp2@)

with K. Ito (North Carolina State Univ.)
and K. Sakamoto



2. Unique continuation
With J. Liu and L. Yan (Southeast Univ.)

Unigue continuation:

8;"u ==-Auin Q:=Qx(0,T)
u=d,u=00nI x(0,7)

—> dD cc Q where u = 0.

Main tool fora =1
Carleman estimate <« integration by part



Main differences from o =1
e Integration by part fails for 8‘:
o ag has memory effect



Unigue continuation

1
heorem d*u —d?u=0in Q, u(x,0) = 0,0 <x < ¢
u,t) = du(0,t) = 0,0 <t <Timpliesu=0in Q

Remark: Also conditional stability
Key: Carleman estimate (= L>-weighted estimate)



Infinite propagation speed

we need Initial condition

only 1D case.

No Carleman estimate for general a



Unique continuation for general «

8:‘u=uxx, 0<x<1 t>0,
u(©,t) = f(t), t>0

ulx,00=0, 0<x<1.

Inverse problem Let w C (0, £) be fixed. Determine
u(1,t),0 <t < T by ul,xo1)-



Theorem (J.Liu-L.Yan-Yamamoto)
Let 2 < & <1 and u(1,0) = 0.
dC > 0 such that

(1, )lzz20,m) < CUIRlI2@x0,m) + Ifllz20,1)-

e Case a = 1: severely Ill-posed,
logarithmic conditional stability
e Case ; <a <1
unconditional Lipschitz stability

Nu(, Mlzon ~ llulliz@wxom) If f = 0.



< regularity in non-homogeneous boundary
value problem
(by K. Fujishiro)




Interpretation

Fractional diffusions equation:
no strong smoothing property

The inverse problem is more well-posed than the
classical diffusion equation.



3. Determination of fractional

orders
let0 < fp<a<l
Uy B
8:‘u + roafu = —-Auin Qx (0, T)
ulpg = 0

u(x,0) = alx), x € Q

Inverse Problem: Letxy, € Q, T > 0 be fixed.
Determine («, p) by uyp5(xp, 1), 0 <t < T.



Theorem (unigueness) Let: a # 0, > 0, smooth
(e.9., a € HS(Q) in 3D case). Then

Uy X0, 1) = Ug, 8, (X0, 1), 0 <Et<T

implies a; = a, and 1 = .

Remark ?? Unigueness for

N
270 + Z rk8""‘
t t
k=1



Other determination of orders
Ug,y:
dfu = -A’uin Q
ulpo =0, u(-,0) =a
Theorem (unigueness) Let: a # 0, > 0, smooth
(e.g., a € HS(Q) in 3D case). If
Uy (X0, 1) = Uy, (X0, 1), 0 <t <T,then a; = ay
and y; = y».



4. Determination of one derivative

order and coefficient

J.Cheng (Fudan Univ.) -
J. Nakagawa (Nippon Steel)
- Yamamoto - T.Yamazaki




*ulx, t) = i( (x)a—u),0<x<f, 0<t<T,
t ox ox

u(x,0) = 6 : delta function, u,(0,t) = u,.(¢,t) = 0

Inverse problem: Determine a € (0,1) and p(x) by
u,1),0<t<T.
Answer: Uniqueness holds.

Key to proof. Gel'fanf-Levitan theory +
eigenfunction expansion



G. LI, D. Zhang, X. Jia (Shandong Univ. Tech.)
and M. Yamamoto:
Numerical reconstruction of p and a



5. Inverse source problem
with K. Sakamoto, Z. Li

a‘t"u(x, t) = —Aux, t) + u(®)f(x), (x, 1) € Q

A: symmetric uniformly ellitpic with
x-dependent coefficients, e.g., A = —-A

Let: u(-, 0), daulsaxom: conormal: given.



Inverse source problems: T C 0Q:

e Type |I: Determine f(x), x € Q, from u|rxo 1),
for given u(t).

o Type ll: Determine u(?),0 <t < T, from
ulrxo ) for given f(x).



Uniqueness for Type |

: 3 1
Let: f € Ho(_ﬂ)’ uecCioT],u#0,
I' € 0Q: arbitrary sub-boundary
Thenu(x,t) =0, x€l',0<t<T
implies f = 01n Q.



Sketch of Proof

1. We can prove:
8?‘0 = —Avin Q,

Ulrxo,1) = da%loaxor =0
—>ov=0InQ



2. Duhamel’s principle
diu = —Au+ pf, ulpa = 0, u(-,0) =0
8?7) = —Av, v|pa =0, v(-,0) = f

t
u(x, t) = f O(t — s)v(x,s)ds In Q
0

Here 0(t) = D 'u(t) := rs & [ o ds

1
() 0 (t—s)l-=



Stabllity for Type Il
Let f be smooth and f(xy) # 0. Then

197 u(xo, Micro,r1 ~ lltllcro,mr-

Without f(xg) # 0?

Unigueness Let I' be arbitrary subboundary
and f £ 0.
Then ulrxorn =0=>u=0In(0,T)



Counter-example for data u(xy, t) with
f(xo) = 0:

Q=1(0,1), f(x) = cosTx, x¢g =
And u(xy,t) = 0,0 < t < T for any u(t).

N | =

One point observation does not guarantee the
unigueness!



6. Inverse coefficient problem by

Carleman estimate
by Y. Zhang (Fudan Univ.) and M. Yamamoto

u(p)(x, t).

8:/2u = Qulx, t) + p(x)ulx, 1) in Q

u(-,0), u(0, t): given

Inverse Problem: fixed ty € (0, T), determine
p(x) by d,u(0, -), u(., ty).



Conditional stability in inverse
coefficient problem

Assume a priori boundedness for p, g and

u(p), u(g) and u(p)(x, to), u(q)(x, to) % 0,
0<x<¢.

Forsmall 6 > 0, AC = C(6) > 0 and
dx = x(6) € (0,1) such that

lp = gllaz0,6-5) < C(|1(p) — u(@)(:, to)llrz 0
+|0, (u(p) — u(g))(0, lr20,1)"



Key to the proof

e Carleman estimate
e Bukhgeim-Klibanov method

Carleman estimate can be proved for
a = 1/[natural number].
— very limited!



/. Inverse coefficient problem by
Integral transform

with L. Miller (Univ. Paris Ouest)

Let0 < a < 2.

u(p): dfu = Au + pWu, ulsa = 0,

u(-,0) = a, diu(,0) =0 (f1 < a < 2)
w(p): d¥w = Aw + p(x)w, wloe = 0,
w(-,0) = a, drw(-,0) =0

Theorem (Bazhlekova 2001)

u(p)(x, 1) = [~ Kalt, s)w(p)(x, s)ds in Q



Here K, (t, s) = tlyCD), (t%) Yy =73,

0o 2" \Nr -
D,(z) = ). m Wright function



Lemma 1 (Miller-Yamamoto)
j;oo K,(t,s)f(x,s)ds = 0 forx € Q, t > 0 and
f(, Dz < AMe'® withw > 0= f =01in

Q.

Lemma 2 (Sakamoto-Yamamoto)
u: (0, T] — L*(Q) is analytic in
{z €eC, z#£0, |argz| < g}



Theorem (Miller and Yamamoto)

Let dw € Q with dw D dQ and p = g in w.
Assume that ian\a lal > 0.

Then u(p) = u(g) In w x (0, T)

implies p = g In Q.



Sketch of Proof

ulp) <= wlp), ulqg) &= wlg)
ulp) =ul@gg nw x 0, T) =
u(p) = u(g) In w X (0, o) by Lemma 2

—

|7 Kalt, s)w(p) — w(@)(x, s)ds = 0,
x€w,t>0

= w(p) = w(g) In w x (0, T)

= p =gq1In Q

by Imanuvilov and Yamamoto: 2001



8. Determination of nonlinearity

With Y. Luchko (Beuth Tech. Hochschule
Berlin) -
W. Rundell, L.Zuo (Texas A&M Univ.)



Let0 < a < 1.

u(f): ofu = Au + fulx, 1)) in Q

dpulx, t) = glx, 1), x € dQ,0< t < T,
u(x,0) = alx), x € Q.

We set

F={feC(R): f/(r) <0, r € (in, M)},
m = inf,eq alx), M = sup, . a(x).



Uniqueness Let f1, b € F. If

u(f1)(xo, ©) = u(f2)(xo, 1), 0 < t < T with some
xo € Q and T > 0, then there exist constants
mq, M7 with m < mq; < M7 < M such that

f1(r) = folr) form; < r < My



Remark

e For analytic f;, f>, we have global
unigueness.
e numerical method



Thank you very much!
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