
Words, 
Decomposition Rules 
and Invariants
KIAS 2010, Sept. 27- Oct. 1

Jun Morita
University of Tsukuba



Contents

Decomposition Rules
Diagonal Calculus, Multiplicities

Word Invariants
Power Series, Rationality Theorem

Bi-infinite Words
Bialgebras, Local Indistinguishability



Words

)()(

 of reverse:
 oflength :)(

word:

12

21

wlwl

wXXXw
wrwl

XXXw

t
r

t

r

=

=

=
=

L

L



Matrix

⎩
⎨
⎧

≠
=

=

×=

==

ji

jii
ij

ij

ll

ZY
ZYY

m

llmM

ZZZYYY

   if    
   if   

    

matrix)()(:)(),(

 , )(21)(21

φ

μλμλ

μλ μλ LL



Graph

φφ

μλ

μλ

≠≠=+=+⇔
→

≤≤≤≤

Γ

ll

l

kij mmjki
kji

ljliji

, ,1 ,1      
),(),(      

Arrows  
)(1 ),(1:),(      

Vertices  
),(

def 



Component

pjpijiij mmmc
pjpijijic

Cc

C

++++=
++→→++→=

∈
Γ

,1,1)(
)],()1,1(),[(

),(
),( of components connected ofset  the

:),(

L

L

ω

μλ
μλ

μλ



Multiplicity

νμλ

δφφ

μδμφ

λδφλ
νωμλμλ

φνν

φνν

φνν

ν

at  ),( ofty multiplici the
),(

)(),(
)(),(

})(|),({#),(

,

,

,

=

×=

×=
=∈=

m
lm
lm

cCcm



Diagonal Calculus
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Word Invariants
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Rationality Theorem

⎪
⎩

⎪
⎨

⎧

===
=
∈

⇒

∈

∈∈= +

}|{#)0(

]][[)(
},{

TypeShift Mean Golden 
},{},,{,

0

1

121

AXiaf
K

ttf
XXA

XXABAXXXXw

iw

w

w

n

iiin

Q
Q

L



Example

)944(

)89(

)57(

)33(

)17(

2 +−=

=

=

=

=

kkK

K

K

K

K

BAAAB

BAAAAAB

BAAAAB

BAAAB

BAAB

k

Q

Q

Q

Q

Q

321L



Example

r
ww

BAABAABAAB

BAABAAB

BAAB

KK

K
K

K

2]:[,

)17445417489,17445(

)17445(

)17(

=⊂⊂

++++

=
+=

=

QRQ

Q

Q

Q

LLL



Bi-infinite Words
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Algebraic Structures
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Monoids
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Bialgebras

1

bialgebra    
algebra monoid:][)(

a

a

mCA
mmmAAA

CmMCTAA Mm

→
⊗⊗→

⊕=== ∈



Standard Modules
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Groups and Lie Algebras
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