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Words

w=X,X,--- X :word
|(w) =r:length of w
'w= X, --- X, X, :reverseof w

1('w) = 1(w)



Matrix

ﬂ*:Y1Y2"'Y|(/1)’ﬂ:lez"'zl(y)
M (A, ) =(m; ) :1(A) x1 () matrix
Y. if Y =2,

m. =< ' .
i g i Y, =2,

\




" S
Graph

['(A, p)
Vertices

(1, ]):1<1<1(1),1< 1 < (w)
Arrows

(1)) = (k. 1)

ﬁ”l:k’ J+1=L4,my =g, m, # ¢



Component

C(A,u):

the set of connected components of I'(A4, u)
ceC(4,u)
c=[(1,))—->0+L j+)>---—>U+p, ]+ P)]

C()(C) — Iﬁnij mi+l,j+1 o mi+ p,J+p



Multiplicity

m, (4, u) =#{ceC(4, 1) | w(c) =v}
m,(4,9) =9, 4 x1(4)
m, (¢, 1) =0, , x1(1)

mv (¢’ ¢) — 5v,¢
the multiplicity of (4, i) atv
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Diagonal Calculus

A | B
A %
B ¢
A @
B ¢




Example

M., (ABAB, ABAAB) =1

m,.. (ABAB, ABAAB) =3

m,(ABAB, ABAAB) =1

m,(ABAB, ABAAB) =10

m, (ABAB, ABAAB) =0 for otherv




Tensor Product

Formula
V,®V, =@, V="

Ve =V ®-.-®V

m



Dim Map

w=word—V_ > dim, ) =1(w)
c.f. Grothendieck Groups, Witt Rings

dim(V @V')=dim(V)+dim(V")
dim(V ®V"')=dim(V)-dim(V")




Deformation
g U, =u(g)=uv,)>0 (U, =1= dim)
w =word - u(w) =u(v,) >0

u(w)® = > m,,(w, wyu(w')

Can uniquely solve with u(w) >0

V,®V, =@,V "
U(VW' ®VW) — u(\/w') + u(\/w")
U(VW' ®Vw) e u(\/w') ) u(\/w")



Universal Deformation

f. (t) € R[[t]]: formal power seriesint

g f,(t)=t
w=word i f_(t)

fW (t)z — ZW- mw' (W1 W) 1:w' (t)

Can uniquely solve with f _(0) >0



Example

Fa(t)=1 faa(t)=2, Toa(t)=3,-, fw(t):n

n

fo(t)=1+2t—4t° +16t° —80t* + 488t° — 2688t° +---
fAAB(t):2+4t—Et +§t _@ 4 14336
3 27 243 2187 19682

1+\/ﬁ 8 64 (2 1024 N

fAABB (t) — 5 + \/7’[ 17\/7 289\/7




Example N
w= AB ALA S
Vae Vg =Vag OV, OV, 70 ¢ | B

f (t)°=f (t)+2t
(8, +at+ati+-)? =(a, +at+ati+ ) +2t
a;=a,=3a,=1>0

208 = +2=>2a8 = +2—=>a =2
2a,a,+3, =a, >2a,+4=a,=>a,=—4

f (t)=f,(t)=1+2t—4t°+--.
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Word Invariants

w : word

WV, =V, QV, =@ VMW
f,07=>" m,(ww)f, ()
f_(0)>0

=2 at' eRIM]
\Kw =Q(a0,a1,a2,---)/Q

W <




Rationality Theorem

w= XX, X,, X; e{A B}, Ae{X; X,..}
Golden Mean Shift Type

Ae{X,, X }

f,(t) € QIIt]]

=<K, =Q

f,(0)=a,=#{I| X, = A}




Example

BAAB Q(\F)
s = Q(V/33)

BAAAAAB Q (r)

K
K
Kepnme = Q(57)
K
K

BAA --AB Q(\/4k2_4k

9)



Example

KBAAB — Q(m)
Ksansass = Q(\/45 T 4\5 )

KBAABAABAAB —

Q45+ 417 189 + 41T + 4/45+ 417 )

QcK,cR, [K,:Q]=2
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Bi-infinite Words
T=--X_,X_ X, X/ X,--- Bi-infinite Word
S(T)={X;X;,;--- X, [1< ]} Finite Subwords

A,ueS(T) A< u< A=subwordof u
W(T)=S(T)u{eo} o<VA1eS(T)

T = XX X X X,



Algebraic Structures
Kellendonk Product
A=Y Ny =22,y €S(T)
1<1, J<1(A), 1<K, <1 (w)
(LA, J)e (K, u,0)=(m,v,n) If matchingin S(T)

W, ---W_-eee W ‘“W|(V)IVES( )
m = position of Y., n=position of Z,
(1,4, ])e(k, 1, /) =2z otherwise



" JJ
Example

T =--- ABAABABAABAAB - --: Fibonacci Tiling
A =ABAA, 1= AABA, v=ABAABA

(LA3)e(L u3)=(Lv5): oA ABAABA < S(T)
b) ] . ] b) — ) b) : :
H Y AABA ©

(1, 4,4)e (L, u3)=2: ABAA - —> ABAAABA ¢ S(T)
AABA

1, 4,2)e(1, u,3)=2: ABAA - —=>xxx (N0 match)
AABA




"
Monoids
M ={(@i, 1, )| 1 eS(T),1<i, j <I(A)}{z,e}

‘(m,v,n)
i
k

(LA, ))e (K, l) =+

Mmez=zem=2, mee=eem=m (MmeM)
M = M(T) : monoid with zero



Bialgebras

A=A(T)=C[M]=&
bialgebra
A—>ARA MMM
A—->C m—1l

Cm : monoid algebra

meM



Standard Modules

V :standard A - module
<dimV <o, z(V)=0

def

#{x e A|x:group like, XV # 0} < o

AeS(T)
( \
V,=AL 1)/ ALAYN| > C(p,u0q)
\/1—<,u,ﬂ,;t,u )
P.q

V¢ = C:trivial A -module



Tensor Products

Formula
T : Bi - infinite Word

A, ueW(T)

— V/I ®V,u — EI_)VEW (T) (\/V®mv (/IHU))




Characterizations

Fact| T, T": Bi-infinite Words
Tfl\_/T' or T~'T"

locally indistinguishable
< A(Mz=A(T) or A(M=A(T)
as bialgebras



Groups and Lie Algebras

T—>T" Modification
X X' X" X
L < A(T") LieAlgebra
L=L ®L,®L_ Triangular Decomposition
U(L)=U(L,)U(L)U(L.) Additive Gauss Decomp.
Gc A(TY)* Group
G =G,G.G,G, GaussDecomposition
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