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OUTLINE

Maximum Entropy Principle

*Path Entropy Maximization

»*Derivation of Markov process



Maximum Entropy Principle L |

oE.T. Jaynes (Phys. Rev. 106, 620(1957),
Phys. Rev. 108, 171(1957)): Statistical
Mechanics as a logical inference

*Maximize Gibbs—Shannon
entropy —> _pilogp; under given
constraints : Most unbiased
estimate



Boltzmann distribution L)

“+Constraint: mean energy Y piEi=c
+Normalization: ) p; =1

*In the absence of other information
(equilibrium), the most unbiased
estimate of the probability distribution
IS obtained by maximizing

— Y pilogpi+B() _pibi—e€)+v(> pi—1)
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Boltzmann distribution V)

— Y pilogpi+ B _piEi—€)+v(>_ pi—1)
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Boltzmann distribution

e_.BEi

Pi = ,
¢ Z] 6_"8EJ

With B determined by

Z] e~ PE;

— €



Path entropy maximization L

*Dynamical system: Obtain probability
distribution P(C) for path C

Py / <
\__/ t
‘*Maximize the path entropy - ZP )In P(C)
under appropriate constralnts

ZP C)A@ () =4 and ) P(C) =
C




Path entropy maximization L

ssJaynes (“Macroscopic prediction”, in
Complex Systems Operational Approaches in

Neurobiology, Physics, and Computers, edited
by H. Haken (Springer—Verlag, Berlin, 1985)):

“Maximum Caliber principle”

*Filyukov and Karpov (J. Eng. Phys. 183,
624, 1967; 13, 798, 1967)

‘*Filyukov (Eng. Phys. Thermophys. 14, 814,
1968)



Discrete time (rilyukov et al.) L

o P(C) =plio, 11, - ir)
< Path entropy: H(T)=- Z Pigis-irr 108 Pigiy i

10,81, LT

»Stationary Markov process
P — piop'i0—>i1pi1—>'zlg U p'iT_1—>’iT

H(T) Z pilogpi =T ) pipi—jlogpi,

2]
*However, I\/Iarkowan property itself can be

derived from the property of the
constraints!



Markov processes: Definitions KLV}

* n—point marginal probability

p(ala'”an;t) = Z p(ll.’O:/l:l:"'it—n:al;”'an:jljj27'°°jT—t)

20,21, Ut —nsJ1,J2s " JT —t
** Transition probability
p(i()a e Zt)
p(iOa e it—l)

p(i07 v 'it—l — Zt) =

“* n—th order Markov process
p(it—n; g Zt. t)
p(it—n: T 7:15_1; t)

p(iOv = it—l — /Lt) — p(it—n; rI:t—'n—l-l R it—l = it; t) =

— Transition probability depends only on previous n
steps of history



Derivation of Markov processes LY}

* n—th order Markov process follows if only up to
(n+1)—point function is constrained

» General constraints:

ZP A(a) Z p(i()a?:la'"iT)A(a)(i()ail)' ’LT) — A(()C

{ZOaila"'iT}
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Derivation of Markov processes L{Y)
T—1
% Two—point constraints: A(O‘)(io,il, i) = Z (@)

Ve lt41
t=0

T-1

S (3 J9 plioyin, -+ ix) — T

{i0,81,--i7} t=0

Pl

T=1
— >: >: Ji(ﬁz_'_lp(itait—l—l;t) = TJ(ga) =0. (a=1,---Ns)

t=0 ’it’l:t_|_1




Derivation of Markov processes (V)

*»+» Take the variation of

Ny
B Z 1)(j0_-j1_---iT)log])(jO-il""iT)_Z‘-} (ZZ “is ]) 1e:t T+1)E(a)
=1

{40,816} t=0 i,

+ZV,Y (Z Z zm“ (g, te41:t + 1) — T.](gv)) +(p+1) ( Z plio, i1, -iT) — 1)
}

t=0 is3¢41 {io,’i1.---i’_r

5p:_logp(i077:17' Y;BO( J‘S +ZV’}’Z‘]@($2+1 +p:0

t=0

T T—
e o b} = (/J—Z-%Zsﬁf‘) Y 153;3“)
Q t=0 v t=0




Derivation of Markov processes LY}

’U(io)G(io, Zl)G(’Ll,Zg) * =0 G(iT_l, ’iT)U(’iT)

p(to,%1, - i7) = vIGTy

V(i) =

(- Taet)
( S 6. <a>/z+zy,yj<v> Zﬁagga)/z)



Derivation of Markov processes (V)

play. - am:t) = Z P(EgsT1, " Uy A1yt ** s Ay Tgg1s " * S 2T)
iO»"'it—rnait-I—l:"'iT
VIGt="1](a1)G (a1, a2)G(az, a3) - - - G(am—1.am)[GT ~tv](am)
viGTv

[VTGt_m](al)G(ala az) -+ G(am, am-i-l)[GT-tV](am-i-l)
viGt=™](a1)G(a1, a2) -+ G(am—1, am) [GT~1v](arm)

_ Glam,am+1) [G"'V](am41)
[GT—t-l—lV] (am)

p(ala'”am — afm—l—l;t) —

= p(@m — Amt1;t).




Perron-Frobenius Theorem KLV}

(1) A positive matrix GG has a positive real eigenvalue r, such
that any other eigenvalue A is strictly smaller than r in abso-
lute value, [A\| < r.

(2) There is a left eigenvector y™ = (y1, - - - yn) for r with pos-
itive components. That is, y'G = ry' and y; > 0 for all i.
Similarly, there is a right eigenvector z with positive compo-
nents, such that Gz = rz and z; > 0 for all 7.

(3) Left and right eigenvectors with eigenvalue r are non-
degenerate.

) T
(4) imp o0 f’—T = zy!



Time homogeneity L

1T —t — o0

G(a,b)[G!~tv](b) - G(a,b)z(b)

pla — bit) = GT—t+1v](a) g

t — o0
vIG'](a)z(a)

ritviz

plast) = > y(a)z(a)

—Stationary Markov Process



Time homogenous master equation
with an arbitrary initial distribution

*» |nitial condition is an additional information, which
should also be implemented as a constraint

pla;t =71) = 7m(a)

+» Take variation of

Ny
. Z ])(IOII )IOQ,P 10 11 Z (Z 1)(11‘, ) (T‘+‘ 1)E(ga))

{4081, 87} t=0 1%

\

+ZV7 (Z Z z+1p it tep1:t + 1) — TJ((]’Y)) +(p+1) ( Z plig, i1, i) — 1

t=0 4pig11 {i0,d1,-iT} /

+ ) Ma)(pla;T)—m(a))



Time homogenous master equation iy

p(io, i1, -ir) = exp(p+ (i) BX:L,%—I—VZ:JLMJrl

= exp(p+ A(ir))v (LQ)G(L(), Z1)G(Z1, i2) - - Gir—1,i7)v(iT)
U(io)ﬂ'(l})G(io, il)G(il, ig) B G(iT_l, ?;T)U(’iT)
D i ojp VJ0)T(Jr )G (Jo, 1)G (1, J2) - - G(jr—1, j7)v(IT)

T<1:
G Ay Am GT_tV am
p(ala Uy 7 A1y f) - ( [G;:_lt)ilv](a ])( +1)
T >13
p(a s (1 — a . t) — G(a"lna nyn—]—l) Za[GT_t](anl+la (l)ﬂ'(a,) [G’T_TV]((I)
1, m m+1; Zb[G‘r—t—l-l](am’ b)?‘[‘(b) [GT—TV](b)

— P(am —7 Am+41- f) —Markov process



Time homogenous master equation iy

*» Again, for infinite duration of the constraints, the
transition probability p(a — b;t) for 7 >t is
independent of time, and independent of the initial
distribution 7T(a)-

< However, the state occupation probability p(a,; t) is
time—dependent, with initial condition p(a:t =7) = 7(a)

» Discrete time—homogeneous master equation:

plast+1) = p(bit)p(b— a)
b



Generalization (V)

% Constraints on up to (n+1)—-point probability leads to n—
th point Markov process

» Condition for time—homogeneity < Generalization of
Perron—Frobenius theorem to higher rank tensor
required.



Summary L

» Path entropy maximization: Most unbiased estimated
of the path probability under the given constraint

*» |[n particular, no correlations exists except those given
by the constraints => n—th order Markov process if
only up to n—point function is constrained.
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