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3-gluon amplitude
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f a1a2a3 = tr(Ta1 Ta2 Ta3)� tr(Ta2 Ta1 Ta3) (color decomposition trivial)

A3 = [e1 · (p2 � p3)](e2 · e3) + (cyclic)



3-gluon amplitude
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3-gluon amplitude
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A3 =
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A3 =
h12i3

h23ih31i .

l̄1 = h23iz̄ , l̄2 = h31iz̄ , l̄3 = h12iz̄ .



3-gluon amplitude

p1 + p2 + p3 = 0
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A3(gravity) = [A3(gauge)]2

A3 =
h12i3

h23ih31i .

A3 is the unique Lorentz invariant satisfying 
the following scaling properties:

Same logic applied to gravity implies



Maximally Helicity Violating (MHV) amplitudes

An(+, · · · ,�, · · · ,�, · · · ,+) =
hjki4

h12ih23i · · · hn1i .

An(+,+,+, · · · ,+) = 0 ,

An(�,+,+, · · · ,+) = 0 ,

j k

[Parke-Taylor ’86]

Watch out for the helicity flip in applying crossing symmetry.
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BCFW recursion formula [Britto-Cachazo-Feng-Witten ’05]

Build up higher point amplitude from lower ones

Deformation parameter z is determined by
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BCFW recursion formula - derivation

On-shell deformation of momenta

(p2
j = 0, p2

l = 0, p1 + · · ·+ pn = 0 unaffected)

An = An(z = 0) =
Z dz

2pi
An(z)

z

l̄j ! l̄j � zl̄l , ll ! ll + zlj

Contour integral representation

Deformation of contour and residue theorem gives BCFW

... provided that A falls off at z = infinity. 

1
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Large z behavior

Naive power counting
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theory: A(z) ! z0

Gauge theory: A�+
naive

(z) ! z , A��/++
naive

(z) ! z2
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.



Large z behavior

Correct counting

A�+(z) , A��(z) , A++(z) ! 1/z , A+�(z) ! z3 .

Simple example: scalar QED [ArkaniHamed-Kaplan ’08]

Gauge symmetry plays a crucial role.

p(z) = p ± zq

O(z) vertex disappear if we choose the gauge 

L = (Dµf)⇤Dµf , Dµf ⌘ ∂µf � iAµf

qµ Aµ = 0 .



Example: 4-gluon via BCFW

4 = 3 * 3 
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in agreement with Parke-Talyor



BCFW and gauge symmetry

No need for 4-point vertex!

Build up higher point amplitude from lower ones
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Simplest non-trivial non-MHV amplitude

6-point next-to-MHV (nMHV) amplitude

A+�+�+�
6,BCFW = {2}+ {4}+ {6} .


